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Abstract—We consider in this paper a class of stochastic
nonlinear systemsin strict feedbackform, where in addition to
the standard Wiener processhere is a norm-bounded unknown
disturbance driving the system.The bound on the disturbance
is in the form of an upper bound on its power in terms of the
power of the output. Within this structur e, we seeka minimax
state-feedbackcontroller, namely one that minimizes over all
state-feedback controllers the maximum of a given class of
integral costs, where the choice of the specic cost function
is also part of the design problem as in inverse optimality .

We derive the minimax controller by rst converting the original
constrained optimization problem into an unconstrained one
(a stochastic differential game) and then making use of the
duality relationship betweenstochasticgamesand risk-sensitive
stochastic control. The state-feedbackcontrol law obtained is
absolutely stabilizing. Mor eover, it is both locally optimal and
globally inverse optimal, where the rst feature implies that
a linearized version of the controller solves a linear quadratic
risk-sensitive control problem, and the secondfeature saysthat
there exists an appropriate cost function according to which
the controller is optimal.

I. INTRODUCTION

There has been considerable research in the past decade
on the subject of optimal control for system regulation and
tracking under various types of uncertainty. The types of
uncertainty include among many others additive exogenous
disturbances, lack of knowledge about the system model, and
time varying dynamics. There are two prominent approaches
to such problems, namely H¥ control and game theory. In H¥
control, the system consists of both a (deterministic) nominal
model and a (deterministic) uncertainty model. The design
objective is to achieve a certain form of disturbance attenu-
ation with respect to the uncertainty. In the game-theoretic
approach, the uncertainty is taken as an adversary whose
objective is to counteract whatever action the controller takes,
e.g. in a standard zero-sum game, the designer acts as a
minimizing player while the uncertainty acts as a maximizing
player, thus the name of minimax control. Both approaches
have been under intense investigation, with their respective
results and connections established clearly in [1].

The uncertainties in the dynamical system could also be
modeled as random noise. The well-known linear-quadratic-
Gaussian (LQG) optimal control problem is just one example,
where the uncertainty is modeled as exogenous (Gaussian)
noise. The case of dynamic uncertainty (with the possibility
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of non-Gaussian noise) can be formulated as a minimax type
optimization problem [13], [14]. More generally, a robust ver-
sion of the LQG technique was discussed in [10], [11], [15],
[16], where the concept of an uncertain stochastic system
was introduced. Again, the problem is of the minimax type
and it involves construction of a controller which minimizes
the worst-case performance, with the system uncertainty
satisfying a certain stochastic uncertainty constraint. This
constraint is formulated in the framework of relative entropy
(or Kullback-Leibler divergence measure) by restricting the
relative entropy between an uncertainty probability measure
related to the distribution of the uncertainty input and the
reference probability measure. One advantage of such an
uncertainty description is that it allows for stochastic un-
certainty inputs to depend dynamically on the uncertainty
outputs. In addition, by making use of the duality rela-
tionship between a stochastic game and the risk-sensitive
stochastic control (RSSC) problem [3], [4], [12], it was
possible to synthesize the robust LQG controller from the
associated algebraic or differential Riccati equations (from
a certain specially parameterized RSSC problem). In the
infinite horizon case of [16], the uncertainty was described by
an approximating sequence of martingales, and it was shown
that H¥ norm-bounded uncertainty can be incorporated into
the proposed framework by constructing a corresponding
sequence of martingales. The controller proposed in such
a problem thus guarantees an optimal upper bound on the
time-averaged performance of the closed-loop system.

A natural though not immediate extension of such a method-
ology would be to stochastic nonlinear systems, which is
the subject of this paper. Here we consider a particular
class of stochastic nonlinear systems in strict-feedback form,
where the uncertainty satisfies a stochastic integral quadratic
constraint. The minimax optimization is formulated in the
infinite horizon, and the objective is to seek a state-feedback
controller which guarantees an optimal upper bound on
the time-averaged performance of the closed-loop system
in the presence of admissible uncertainties. As in [16], we
consider the time-average properties of the system solutions.
Therefore, the admissible uncertainty inputs need not be
L?[0; 00) —integrable. Additionally, using the newly developed
locally optimal design and stochastic backstepping technique
[2], [5], we are able to impose additional specifications
on the minimax state-feedback controller, namely one that



minimizes over all state-feedback controllers the maximum
of a given class of integral costs, where the choice of the
specific cost function is also part of the design problem as
in inverse optimality.

One of the main contributions of this paper is to generalize
the earlier considered linear-quadratic stochastic minimax
optimization problem to stochastic nonlinear systems in strict
feedback form. The uncertainty input in the system model is
expressed as an integral quadratic one, which is equivalent
to the relative entropy constraint formulated in [15], [16].
Secondly, by converting the original problem into an un-
constrained stochastic differential game and RSSC problem,
we are able to construct a state-feedback control law that is
both locally optimal and globally inverse optimal, i.e. in the
nonlinear system design, we are able to guarantee a desired
performance for the linearized system dynamics, while also
ensuring global stability and global inverse optimality for an
a posteriori cost functional of the nonlinear system.

The organization of the paper is as follows. In the next
section, the stochastic strict-feedback system and the related
infinite-horizon constrained minimax optimization problem
formulation is given, with the notions of local optimality
and global inverse optimality introduced. In section 3, we
illustrate the complete procedure of constructing the minimax
state-feedback control law.

II. PROBLEM FORMULATION

Consider the following stochastic strict-feedback system:

dxi(t) = [xa(r) + fu(xa(r)) + &a(0)]dr + hdw,

dxy A1) = [a()+ fu 20 (0) + & 2(D)dr + B ydw
dxn(t) = Ufalop(0) + Dl (1) u(e) + Ea(0)]dr + hSdV(vi)
where x = (x1 2 x,)°€ R" is the state, xpg = (e )81 <
k < n; denotes the subvector from x consisting of its first k
components, u is the scalar control input, &= (&1 :::€,)%€ R”
is the unknown disturbance input, and w € R” is a standard
vector Wiener process. The underlying probability space is
the triple (Q; F;P), where Q is C([0;);R"), and P is the
standard Wiener measure on C([0;);R"). We equip the
sample space with a filtration {%;t > 0}; which has been
completed by including all sets of probability zero. This
filtration can be thought of as the filtration generated by
the mapping {I1; : C([0;0); R") — R"; IT,(w(-)) = w(z);r >0}
[3], [16]. Here, the control input # and the uncertainty input
& are -adapted with their specific structure given later in
the section. The following conditions are assumed to hold.
Assumption 1. The functions f; : Rir—R:i= 1;---:n; are
C¥ in all their arguments, with f;(0) = 0;i= 1;---;n: The
nonlinear function b: R" — R is C? and b(x) > 0;Vx €
R": Furthermore, H = (hy ::: h,)° with HH® being positive
definite.

The first part of the conditions is a standard smoothness
assumption for this class of systems; the condition imposed
on f; at x= 0 is to assure that the origin is an equilibrium
of the deterministic (unperturbed) part of the system.

Note that system (1) can also be written compactly as
dx= [f(x) + G(x)u+ Eldr+ Hdw, ()

with corresponding nonlinear functions f(-) and G(-):

Define the uncertainty output z;(¢) € RPi;i= 1;::;;L; as
zi(t) = Cix(t) + Dju(t) (3)

where C; € RPI ":D; € RPi Li=1;:0L. To facilitate the
exposition, we assume that

CI'Di=0;i=1;:3L; 4)
and denote by G; the filtration generated by the uncertainty
output processes, i.e. G = 6{zi(s);0<s<t;i= 1;::;L}.
Adopting the stochastic uncertainty model in [16], we make
the following assumption.

Assumption 2. The disturbance input &(r) € R" is a G-
adapted process with the property that
z

141t
Elexp 3 |E(s)[2ds 1< oo 5)
0
for all t > 0, which further satisfies the following bounds
147
liminf — (|Zi(5)|2_ |N1/2§(S)|2)ds >0; P-as.;i=1;:5L;
T ¥ T 0

(6)
where N := (HHY 1.
Denote by I the set of all processes & such that Assumption
2 holds and system (1) admits a unique solution.

The above assumption imposes the constraint in the form
of a bound on the power of disturbance in terms of the
power of the uncertainty output, which can be regarded as
a generalization of standard uncertainty models used in the
literature, e.g. it was shown in [16] that the standard H¥
norm-bounded linear time-invariant (LTI) uncertainty would
satisfy a similar form of constraint, in which case &;z are in
fact L2[0; oo)-integrable, and it readily leads to (6).

With the given dynamic equation (1) under stochastic uncer-
tainty constraint, the admissible control laws are F; —adapted
state-feedback policies and are chosen as

u(t) = u(t;x(1)); ue U,

where €U is the set of all locally Lipschitz continuous state-

feedback policies. We consider the following cost functional
1 L

J(u;8) = liITI'lS;lp 7EL a6+ r(x(s))u(s)? dnl (7)

where ¢(-) and r(-) are some positive definite functions.



One of our goals is to obtain a closed-form minimax solution
with respect to J(u;&) subject to the stochastic uncertainty
constraint (Assumption 2), i.e. a u € U such that

inf supJ(u;€) = supJ(u ;8): ®)

e x2G
This is a particular type of a stochastic zero-sum game. It is
well-known that such an optimization problem is associated
with a corresponding Hamilton-Jacobi-Isaacs (HJI) equation
whose solution yields the optimal value of the game, when-
ever it exists. Such an endeavor is generally not feasible,
however, particularly given the nonlinearity of the system
dynamics (1). This infeasibility of solving the HJI equation
has motivated the development of inverse optimality design.

Definition 1. A state-feedback control law u € U is globally
inverse optimal for the constrained minimax problem (8) if it
achieves the optimal value with respect to the cost function
(7) for some positive-definite functions q(-) and r(-).
Additionally, we also wish to achieve a better performance,
namely local optimality, for a corresponding linearized sys-
tem with respect to some nonnegative quadratic functions
x%0x and Ru? in place of ¢(-) and r(-)u? in (7). Toward this
end, we rewrite system (1) as:

dx = [Ax+ f(x)+ Bu+ G(x)u+ E)dt+ Hdw, 9)

where A = £.(0), B= G(0) := ( 0 0 bo )% with
obvious definitions for the perturbation terms f :G. Denote
the linearized versions of x and u by x; and uy, respectively.
Then, the linearized system is given by

dx; = [Axg+ Buy+ E]dt + Hdwy: (10)

Note that (A; B) is a controllable pair by the structure of these
matrices. Given a nonnegative-definite Q such that (A4;Q) is

observable, we consider the following cost functional
Z

1 T
Jo(u:8) = limsup —E[  (X%x+ Rud)dr)]:  (11)
nmy T "o
The associated minimax optimization problem here is

inf supJy(u;§) = supJe(uy: &) (12)
2U o6

H x2G

for which we seek to obtain an explicit, closed-form solution.

Definition 2. Consider the stochastic nonlinear system (1)
with its linearized dynamics (10). A globally inverse optimal
control law u € U is locally optimal if its linearized version
ue(t) = ue(t;x(t)), we € U, is optimal with respect to the
constrained minimax problem (12), where the cost function
is given by (11) with

P*q(x)
ox? x=0
where R> 0 and Q > 0 are a priori fixed.

To obtain the solution to the constrained minimax problem
(8), we first convert it into a formulation in terms of the

r(0) = R, = Q; (13)

relative entropy, then show that this constrained optimization
problem can be transformed into an unconstrained one,
which can be solved via a corresponding RSSC formulation.
Utilizing a stochastic backstepping design as in [2], we obtain
a closed-loop state feedback control law that is both locally
optimal and globally inverse optimal.

III. THE MAIN RESULT

In this section, first by using Girsanov’s theorem and a
duality relationship, we convert the original problem into an
associated RSSC formulation. Next, a stochastic backstep-
ping procedure is applied which leads to the construction of
the desired control law.

A. Minimax Optimization and the RSSC Problem

Note that Assumption 2 ensures that §(z) satisfies a Novikov
type condition [6], [7]. Let ¥ = —HYHHY 1. For0< T < oo,
we define wo(r) = w(r) — {ZE(s)ds; and
z, 12
W=exp B~ 5 [TEW)ds

where 0 <t < T. Then, it can be shown that ({(z); %)
defines a continuous ¥;-adapted martingale with E[((T)] = 1.
From Girsanov’s theorem [6], [7], {(T) defines a probability
measure Q7 on the measurable space (Q; #7) by the equation

Q7(A) = EF [14{(T)]; VA € Tr;

where the expectation is under PT, the restriction of the
reference probability measure P to (€; F7). Furthermore,
QT is absolutely continuous with respect to P7, ie., Q7 <«
PT, and (th 1 F;0 <t <T) is a standard Brownian motion
process on (; F7; Q7). There is also a unique probability
measure Q with the property that

Q(A) = E[1,{T)]; VA € Fr; 0 < T < oo

(14)

15)

where the expectation is under P. Similarly, {W,Q; F:0<r<
oo} is a standard Brownian motion process on (Q; F; Q) (see
section 3.5 of [6], [7]). The system dynamics is then

dx;, = [x2+ fl(xl)]dl‘+ hgdW,Q

: : (16)
dvy 1 = Dt fu a(xg g)lde+ BO qawf
dxy = [falxgy) + blxppulde + hdaw?
or
dx = [f(x) + G(x)u)dt + Hdw? (17)
where w,Q is the standard Brownian motion (under Q), and

the nonlinear dynamic system is still in strict feedback form.

The linearized system is given by
dx; = [Ax;+ Bugldt + Hdw?: (18)

Note that in comparison with (10), it has the same form of
stochastic differential equations (SDEs), with the difference



being that we now have the uncertainty probability measure
Q, and that the system is driven by a Brownian motion th .

Using the fact that &(-) represents admissible uncertainty
input associated with {Q}o r<y, and using the explicit
expression for the relative entropy, the stochastic uncertainty
constraint of Assumption 2 can also be expressed as:

Assumption 28 For the uncertainty probability measure
{Q}o 7<y associated with system (16), the following holds:
| g 18T
liminf —[EC (= |zi(s)|?ds) —R(QT||PT)] > 0; i= 1;::5L:
¥ T 20

19)
Note that #(Q||PT) characterizes a measure of discrepancy
between Q and P, both defined on the same (; F). Denote
by E the set of probability measures Q such that Assumption
2%holds, and for 0 < T < o0, QT < PT, A(QT||PT) < . Note
that the relative entropy functional is a convex function in
Q. which implies that the set E is convex and non-empty.

Therefore, the stochastic system (16) under an admissible
probability measure Q corresponds to the uncertain dynam-
ical system (1) with disturbance input &.

With system (16) and Assumption 2% we consider the ad-
missible control law p € U and the cost function
Z

T
JOu) = 1iIT1|18;1p %EQ[ o q(x(s)) + r(x(s))u(s)? dn] (20)

where ¢(-) and r(-) are the same as in (7). The original
minimax problem (8) now becomes a constrained minimax
optimization problem with respect to J¢(u), with u being

supJO(u ) = inf supJC(u): 21
02X 12U pox
To obtain a solution, we apply the stochastic S-procedure (or
the Lagrange multiplier principle) as in [8], [15] to obtain an
unconstrained minimax optimization problem. In terms of
system (16), we define the cost functional
1T
JR(w) = limsup —E9[  (q(x(s)) + r(x(s))u(s)?
my T 0
é 7\4’ 2 clf T T (22)
*a 5 a(s)[)dn) —(a 2)h(Q [[PT)]
=1 =1

where A = (Aq :::Az) >0 is a given constant vector of La-
grange multipliers, and Q € P, the set of probability measures
Q with the properties that Q7 < PT and A(QT||PT) <
for 0 < T < . Since A is a Lagrange multiplier, one can
equivalently have an unconstrained minimax problem

inf sup JlQ(,u): (23)
#2U gop

For the linearized system (18) and Assumption 2% we con-
sider the admissible control uy € U and the cost functional

z

1 T

J2(u) = limsup TEQ[ xXs)Ox(s) + Ru(s)? di)] (24)

] T! ¥ 0

where Q and R are given in (13). There is also a correspond-
ing constrained minimax optimization problem with respect
to J[Q(,u), with the minimax control y, given by

sup JZQ(,U[) = inf sup JZQ(,u): (25)
02X w2U gox
The corresponding unconstrained minimax problem is
; Q
y}g{l 51211; Jiy (1) (26)
with the following cost functional
1 o 2T
T3 () = timsup —EC[  (xY)Qx(s) + Ru(s)?
T! ¥ 0 @7

é 7\4’ 2 clf T T
*a 5 )| )dt)—(alli)h(Q [1P)]
i=1 i=

where A >0 and Q € P.

Let V; denote the optimal value of the constrained minimax
problem (23), and define the set A as

A:={A : A >0 such that V| < oo}:

Let = 2=(Y'% ; ), and associated with system (16), define
the following risk-sensitive cost function
Zr
o Ax(@);u();Nan]
(28)
where G(t;x;u;1) = g(x) + r(x)u®+ ):,»L:l%|zi|2. This is a
standard RSSC problem for strict-feedback system (16) under
probability measure Q. Similarly, for the linearized system
(18), there is a corresponding LEQG cost function
2 0T
Sy (u) = limsup —InEC exp[=  O(t;x(t); u(r); \)dr]
oy 0T 2 0
(29)
where O(t;x;u;0) = xX0)Q x(t) + Riu(t), Q = Q+
Yh 4% and R = R+ Yk 5D
Note that the above RSSC and LEQG problems uses the
probability measure Q, with 4 € U such that

Si(u)= #1516% (1)

2 0
= li — InE? e
S () imsup &7 In expl5

(30)

and the optimal value denoted by 3, . The optimal linearized
state-feedback controller u, € U is given by

Sa(u)= inf 3g (u) (3D
w2U

with the optimal value denoted by 3, . Analogous to the
definitions given earlier, one can also define local optimality
and global inverse optimality with respect to the standard
RSSC problem, as in [2]. Utilizing the duality relationship
between free energy and relative entropy established in [3],
[4], we arrive at the following conclusions.

Theorem 1. Consider the linear stochastic system (10)-(6)
with cost function (11), as well as the system (18) with



associated risk-sensitive cost function (29). Suppose that the
set A is nonempty. Then:

inf supJy(ug;E) = inf supJ2(uy) = inf 3, ;
j2U S0 (b38) w2U QZI;( o) = 1nf 3y
where the minimax optimal control policy u, is given by

supJo(up:€) = 3y
x2G

Furthermore, the closed-loop system is absolutely stable.
A similar type conclusion holds for the nonlinear system (1).

Theorem 2. Consider the stochastic system (1)-(6) with cost
function (7), as well as the system (16) with associated risk-
sensitive cost function (28). Then:

(i) Suppose that the set A is nonempty, and that A attains
the infimum (in the associated RSSC problem). Let u be the
corresponding optimal control law. Then:

inf supJ(u;&) = inf supJO(u) < supJ(u ;&) < inf 3 (u ):
n2U o6 12U g2 x2G 2L

Furthermore, the closed-loop system is absolutely stable.

(ii) Conversely, if there exists a minimax optimal controller
I € U such that supy,gJ(ii;€) < oo, then the set A is
nonempty. Moreover; the following relationship holds:

inf 3, = inf § < J(i;6):
inf3, = inf 1) < ilzlg (:€)

The proof of the theorems follow from [3], [15], [16]. Using
the above results, we have the following result with regard to
the desired local and global optimality of the control policy.

Theorem 3. Consider the stochastic system (1)-(6) with
linearized dynamics (10), and associated minimax cost func-
tions (7)-(11), as well as the system (16) with linearized
dynamics (18), and associated risk-sensitive cost functions
(28)-(29). The following conclusions hold:

(i) Let the set A be nonempty, and u, be locally optimal with
respect to the LEQG problem (29). Then, it is locally optimal
with respect to the constrained minimax problem (11), i.e.

ot ilznge(m;é) = Jolpp:8) = inf S (up):

(ii) Let the set A be nonempty, and u be globally inverse
optimal with respect to the RSSC problem (28). Then, it is
globally inverse sub-optimal with respect to the constrained
minimax problem (7), i.e.

nf supJ(u;8) < supJ(u ;&) < inf 3y (u ):
w2U o6 x2G 2L

Furthermore, the closed-loop system is absolutely stable.

B. Locally Optimal Controller Design

Using Theorem 3 and the stochastic backstepping procedure
from [2], we now construct a state-feedback controller for
the constrained minimax optimization problem of section 2.
First, the linearized risk-sensitive design is considered, and
then the backstepping procedure is extended to the nonlinear
case with global inverse optimality.

From standard LEQG theory, since (A;B) is controllable
and (A;Q,) is observable, the LEQG problem (29) admits
a unique solution, given by

py () = =R, 'BPx (32)

where P is the minimal positive-definite solution of the
generalized algebraic Riccati equation (GARE):

AP+ PA—P BR 'B°~6HH° P+ Q; = 0: (33)

For the linearized risk-sensitive design, we let Vy(x) = ngxg;
and apply a coordinate transformation z = Lx based on a
Cholesky decomposition of P, P = LPAL, where A is a
diagonal matrix consisting of the positive eigenvalues, 8;’s,
of P, and L is a lower triangular matrix. This brings the
equation (33) into the form

AN+ AA—A BR 'B—0HA° A+ Q) = 0 (34)
where A= LIAL ', H=LH and Q, = (19 QL L

This gives rise to the transformed subsystem as
2 0 13

0
day =g+ © ¢ KSdi+ Agaw,  G9)
<i+1

for 1 <i< n, where = L[i]x[i]- Let

Viz) = 258wz = Velzp ) + 825 Vilzp) = 0;

one arrives at the following equation
50 i 77170 A =0
Apfa+ ApAn + OAnHHRpAR + O = 0:

This iterative process yields the linearized dynamics as

dz(t) = (Az(t) + Buy(t))dt+ Hdw(t);

and the optimal linearized control law is fi;(z) = —R, 1%z,

For the nonlinear system, we follow the same backstepping
procedure, but with the perturbation terms in (1) brought in.
The virtual controls are now used to cancel out the nonlinear-
ities and to cope with the second-order terms resulting from
It6 differentiation. The transformation z; = ¢(xp;) is now a
nonlinear mapping and is given by our choice of the virtual
control law at each step. After the final step, this construction
results in the lower-triangular diffeomorphism z = ®(x).

Specifically, at each step with i = 1;:5n; let z; =
Oi(xpg) = xi — 0 1(z 17), where & 1(z 1) = O 132y 17+
0; 1(z 17): Here, the linear term Oy; 137; 1) comes directly



from the linearized backstepping design. Let V; = zg]A[i]zm, [3] P. Dai Pra, L. Meneghini, and W. Runnggaldier, Con-

the same as in the linearized design. Then, through the nection between stochastic control and dynamic games,
iterative design process, the zj;-subsystem is given by Math. Control Signals Systems, Vol. 9, No. 4, pp. 303-
2 0 13 326, 1996.
0 [4] P. Dupuis and R. Ellis, A Weak Convergence Approach
dzy = QA[,-]Z[,»] + f[,-](zm) + % ngt+ Hydw; to Theory of Large Deviations. Wiley, 1997.
Xie1— 0O [5] K. Ezal, Z. Pan and P.V. Kokotovic, Locally optimal
backstepping design, IEEE Trans. on Automatic Con-
where fh represents a a nonlinear dynamics. Furthermore, trol, Vol. 45, No. 2, pp. 260-271, Feb. 2000.
the Itd differential for V; is then given by [6] I. Karatzas and S. E. Shreve, Brownian Motion and
_ _ o o Stochastic Calculus, Springer-Verlag, New York, 1988.
dvi = 2Zﬁ‘]A[!‘]I_I[i]th + TT[H[i]H[(,?]A[i]] - GZE]A[I']H[:‘]H[(?]A[[]Z[I'] [7] B. Oksendal, Stochastic Differential Equations: An In-
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We select @; to cancel out the nonlinearities, and by letting [8] D. G. Luenberger, Optimization by Vector Space Meth-
Zi+1= xis1— 04 = 0, V; satisfies the following HJI equation ods, Wiley, New York, 1969.
o X 0. _ . . [9] Z. Pan and T. Basar, Model Simplification and optimal
Vie Az + fig + ZViZHM H[?]Vig+ iz + ETr[ViZZH[i] H[?]] =J; control of stochastic _.vmgularly perturbed systems un.der
(36) exponential quadratic cost, SIAM J. Control Optim.,
where g;(-) is the nonlinear cost term, and J; is the optimal Vol. 34, pp. 1734-1766, 1996.

cost. With V = Z&]AZM, and after the nonlinear transforma-  [10] 1. R. Petersen and M. R. James, Performance analysis
and controller synthesis for nonlinear systems with

stochastic uncertainty constraints, Automatica, Vol. 32,

dz = (Az+ f(2)+ Bu)dt+ Hdw, pp. 959-972, 1996.
[11] I. R. Petersen, M. R. James, and P. Dupuis, Mini-
max optimal control of stochastic uncertain systems

tion z= ¢(x), the original system is now described by

in the new coordinate system, and the It differential of V(z)

is given by with relative entropy constraints, IEEE Trans. Automat.
dv = 2% dw,+ Ti[HHA]+ °A(BF (z)B° Control, Vol. 45, pp. 398-412, 2000.

—0HHAYAz — 207+ 22,8,[fu + u] dr: [12] T. Runolfsson, The equivalence between infinite-horizon

optimal control of stochastic systems with exponential-

To achieve global inverse optimality, we select functions 7(z) of-integral performance index and stochastic differen-

and ¢j (z) through a completion of squares, i.e. tial games, IEEE Trans. Automat. Control, Vol. 39, pp.

_ A - A 1551-1563, 1994.
i) = 202+ (7 1) —R 1)85Z’% — 2ndnfn(2) 37) [13] A. V. Savkin and 1. R. Petersen, Minimax optimal con-
and 7(z) = (R, 14 [6(2)]+) 1, with &(z) appropriately cho- trol of uncertain systems with structured uncertainty,
sen. Then, the state-feedback control law u = i (2) = Internat. J. Robust Nonlinear Control, Vol. 5, pp. 119-
—R 1(Z)BOAZ is globally inverse optimal with respect to 137, 1995.

the RSSC problem (28). For more details of the stochastic [14] V. A. Ugrinovskii and I. R. Petersen, Absolute stabiliza-
backstepping design, we refer to [2]. tion and minimax optimal control of uncertain systems

with stochastic uncertainty, SIAM J. Control Optim.,

Vol. 37, pp. 1089-1122, 1999.

V. A. Ugrinovskii and I. R. Petersen, Finite horizon min-

imax optimal control of stochastic partially observed

time varying uncertain systems, Math. Control Signals

Systems, Vol. 12, pp. 1-23, 1999.

[16] V. A. Ugrinovskii and I. R. Petersen, Minimax LQOG
control of stochastic partially observed uncertain sys-

The state-feedback controller u = g (x) = f (P(x)) applied

to system (16) thus achieves both local optimality and global [15]
inverse optimality, with cost terms g(-);7(-). By Theorem

3, it is also globally inverse optimal with respect to the
constrained minimax problem (7).
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