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Abstract

We presenta novel developmentof randomizedhlgorithms
for quadratic stability analysisof sampled-datasystems
with memorylesgjuantizers. The speci ¢ randomizedal-

gorithmemployedgeneratea quadratid_yapuna function

and leadsto realistic boundson the performanceof such
systems. A key featureof this methodis that the charac-
teristicsof quantizersare exploited to make the algorithm
computationallyef cient.

1 Intr oduction

Quantizationinvolved in control systemshasrecently be-
comeanactive researchopic[1, 3,5-8,11,13,16,20]. The
needfor quantizationinevitably ariseswhen digital net-
works are part of the feedbackoop, andit is of interestto
reducethe datarate necessaryor the transmissiorof con-
trol signals. In particular the minimum dataratesfor cer
tain stabilizationproblemsare found explicitly in [11,16];
theseresultsrely onthe useof time-varyingquantizerswith
memoryto achieze theminimumrates.

Among the works mentionedabove, those of [5-8, 20]

studythe effect of memorylesgjuantizersn the context of

sampled-dataystems. Certainly if a quantizeddiscrete-
time signaltakesonly a nite nhumberof x edvaluesthen
trajectoriesmay go closeto an equilibrium, but not con-
verge,i.e., asymptoticstability cannot be achieved. Then,
a questionthat naturally arisesis, how close canthe tra-

jectoriesgetto the equilibrium point? Whenthe sampling
periodis large, anotherquestionis, how closedo the tra-

jectoriesstayto the equilibriumpointbetweersamplingin-

stants? Thesequestionshave beenaddressedhn the cited
referencesandboundson trajectorieshave beenfound an-
alytically, albeitatthe expenseof crudeconseratism.

In this paper we follow a probabilisticapproachto ana-
lyze the stability of quantizedsampled-dataystems.The
method we introduce systematically nds more realistic
boundson the trajectoriesas well ason the samplingpe-
riods by generatinga quadraticLyapuna function. It em-
ploys gradient-basedandomizedalgorithms,which were

1This work wassupportedn partby NSF GrantCCR00-85917TR.

proposedn [15] for robustlinear quadraticregulatorsand
have beenalso usedfor other problems[2, 4,10,12,18].

In addition,an ellipsoidal-basedandomizedalgorithmhas
beenproposedn [9]. To make the algorithmcomputation-
ally efcient, we have incorporatedthe characteristicof

quantizedcontrolsystems.

Speci cally, we considerherethe setupin [7] wheresta-
bilization of linear sampled-dataystemswith memoryless
quantizerds studied. The stability criterionis quadraticin
thecontinuous-time&lomainwith a x eddecayrate thusas-
suringa satishctoryintersamplébehaior. Thealgorithmis
gradient-basednd nds sequentiallya quadratid_yapunw
function, if oneexists,in a nite numberof iterationswith
probability one. The basicideais that, at eachiteration,a
randomtrajectoryatarandomtime instantis generate@nd,
if the candidate_yapuna functionis not decreasingthen
anew candidatd yapun« functionis generatedA unique
featureof thealgorithmstudiedhereis therandomizationn
bothstateandtime.

Thepaperis organizedasfollows. In Section2, theproblem
is formulated,andin Section3 the randomizedalgorithm
approachs brie y introduced. In Section4, we presenta
new sufcient condition for the stability of the quantized
systemthis conditionis thenusedfor developinga compu-
tationally ef cient algorithm. We give numericalresultsin

Section6 andsomeconcludingremarksin Section?.

Notation Given a set , is its complement,
is its closure,and is its boundary For ,
denotests Euclideannorm. We alsodenoteby
the closedball in with center andradius . The
spaceof symmetricmatricesin is equippedwith the
inner product and the Frobeniusnorm
, Where is the -th entry
of the matrix . Let be the cone of sym-
metric nonngative-de nite matrices. We de ne the pro-
jection of a symmetric matrix on by

2 Problemformulation

In this section,we presentthe setupof quantizedcontrol
systemsandformulatethe stability analysisproblem.Con-



Figure 1: Quantizedsampled-dataystem

sider the continuous-timesystemdepictedin Fig. 1. The
pair is thelineartime-invariantplantgivenby

(1)

where is thestateand istheinput. We
assumehat is stabilizableandthat is notHurwitz,
thatis, it hasatleastoneeigervaluewith anonnegativereal
parf. Thesampler s givenby

, , andthe zerothorderhold is de ned by

where is the samplingperiod.

We now give the de nition of a quantizer . First, we say

that a partition of with anindex set is -
nite if for every thereexistsa nite subset  of
suchthat . Then,givena nite partition
of andaset of controlinputs,
aquantizer is de ned by
if 2

Clearly, this quantizeris memorylessHere,each  in the
partitionis calleda cell. For technicalreasonsye assume
thatthecells , arepolytopesj.e., intersection®of
half spaceswith nonemptyinterior.

For a positive-de nite
Lyapunw function

, de ne the quadratic
Its time deriative
alongtrajectoriesof the system(1) is

givenby

Now we give the de nition of stability, calledquadraticat-
tractvenessusedthroughouthe paper

De nition 2.1 Given a scalar , positive-de nite
matrices , anda x ed quantizer , for the
closed-loopsystemin Fig. 1, the ball with

is quadmtically attractive from with respectto

if everytrajectory  of thesystem(1) with
satis es
or _ for
®3)
where_ isthelargestlevel setof  containedn :
_ (4)

We note that this de nition of stability for the sampled-
datasystemis in the continuous-timedomain. Hence,the

2We consideronly thecasewhen  is not Hurwitz, becausetherwise
the problemto beposedbecomedrivial, aswe will seeshortly

Lyapuna function mustdecreasatacertainrate
evenbetweersamplinginstantsandthe ellipsoid _  must
beaninvariantset. Onthe otherhand,it canbe obsenedin
(3) thatif thematrix is Hurwitz, thenfor thegiven there
alwaysexistsa for quadraticattractvenesgwith ),
andhencethe problembecomedrivial.

The quadraticstability problemis now de ned asfollows:

Given a scalar , aquantizer , a samplingperiod

, anda positive-de nite , hd apositive-
de nite matrix andascalar suchthatfor
theclosed-loopsystemin Fig. 1, theball is quadrati-

cally attractve from theball with respecto

Remark 2.2 The setupof our problemis similar to that
in [7]. The quantizerdesign problem consideredthere
is roughly as follows: Given , a statefeedback
gain matrix  suchthat is stable,and matrices
,design , ,and for quadraticattractveness
with respecto . The classof quantizersconsidered
thereis somevhatrestrictedcomparedo thatin thede ni-
tion above, but ananalyticsolutionto the problemhasbeen
found. The limitation is, however, the conseratismin the
design,especiallyin  and . The analysismethodpre-
sentedn this papermrovidesawayto obtainamorereason-
ableestimateof the performancef the designedsystem.

Next, we denoteby
time with theinitial condition (at
constantontrolinput , thatis,

the stateof the system(1) at
) andthe

For and , let

This is the setof statesat which the Lyapuna functionde-
creasesvhen is applied.

We now introducetwo sets.Let beellipsoids
with . Theseellipsoidsrepresenes-
timatesof the invariantsetswe arelooking for, aswill be
seenshortly. By thede nition of nite partitions,thereis a
nite subsebf thatcovers ; denoteby the
index setof thecellsin thissubsetwith  elements.

Similarly to (4), we alsode ne theellipsoid

Note herethat the boundingeigervaluein this setis the

maximumone,andhencethis~  is the smallestievel set
of  containing

Finally, we presenta simple sufcient condition for
quadraticattractvenesswhich is the startingpoint for the
developmentn thefollowing sections.

Lemma 2.3 Supposeéhat and
thefollowing conditions:

satisfy



0] _ ,and
(iiy for every andevery ,
(5)
Then,for theclosed-loogsystemn Fig. 1, theball is

quadraticallyattractve from with respecto
We noticethatif the conditionsin the lemmaabove hold,
there are several consequencesOne is that the ellipsoid

is aninvariantsetcontainedn , i.e., all trajectories
startingin this ellipsoid remainin it. Anotheroneis that
theregionwherethe Lyapunaw function increases
is containedn ; thus,all trajectoriesof the systementer
__,whichis alsoaninvariantset.\We notethatthe sets
and donotdependn . Thisis animportantaspecfor
thedevelopmentf iterative algorithmsthatsearcHor

3 The randomized algorithm approach

To solve thequadraticstability problem,we follow a proba-
bilistic approactwhichhasbeenrecentlystudiedn the eld
of robust control of uncertainsystems.In this section,we
brie y introduceit andthenpresenta simplealgorithmfor
the stability problem. This probabilisticapproachcharac-
terizesthe interplay of probability and robustnessmaking
useof classicahardboundsof robustcontroltogethemwith
probabilisticinformation, which is rarely usedin this con-
text. The nal objectveis to developlow-complexity ran-
domizedalgorithmsfor varioussystemsand control anal-
ysis and designproblems,at the expenseof introducinga
“small” probabilisticrisk. For further discussionn this
generalsubject,we refer to the overview papers[19] and
[17].

A recentpaperof directrelevancehereis [4], wherea stabi-
lizationmethodfor linearparametevaryingproblemausing
randomizedlgorithmshasbeerfully developedandabrief

discussiorregardingpossibleextensionsto nonlinearsys-
temsanalysisis outlined. This discussioris now expanded
to explain how this techniquecouldbe usedin principlefor

quantizedsystems.

For illustrative purposesgonsiderthe problemto nd
suchthatthe condition(ii) in Lemma2.3 holds. If
is found, thenevery trajectorywith
, , entersary ellipsoid
, , containing

sucha

Now, an iterative randomizedalgorithmcanbe brie y de-
scribedasfollows:

1. Setaninitial

2. At eachiteration, generataandomly and
accordingto, say uniform densityfunc-

tions; if (5) in the condition (i) doesnot hold, i.e.,

, thenupdate .

Here, the update is based on the gradient of
in . This is because,in

Step2 above, (5) is basicallyaninequalitywith  appear

ing only in the term , by the de nition of

The algorithm can be showvn to corverge, if a solution

exists,in a nite numberof iterationswith probabilityone.

This algorithm provides a systematicway to analyzethe
quantizedsystemwith less conseratism than other ap-
proacheswith the dravbackthat probabilisticresults,in-
steadof guaranteedolutions,are found. Moreover, from
theprobabilisticapproachviewpoint,auniquefeatureis that
randomizations performedn two spacesstateandtime.

Onthe otherhand,basedon the simplesufcient condition
of Lemma2.3, this algorithmhascertainredundang. For

example, supposethat for thereis
suchthat . Then, the condition
(5)for at andthatfor  at reduceto ex-

actlythesameone. Thelemma,however, requireghatthese
two conditionsbechecledseparatelyHence thenumberof
trajectorieso be generatednay be unnecessarilpigh, and
thisin turncanmake the corvergenceof thealgorithmslow.

As aresultof this obsenation,to make the algorithmcom-

putationally more efcient, we study how to reducethe

numberof trajectoriesfor the condition (5) to be checled.

This canbedoneby takinginto accounthespeci c charac-
teristicsof the quantizedsampled-dataystems.We obtain
animprovedversionof therandomizedlgorithm,whichis

presentedh full detailin Section4.

4 An ef cient algorithm for quadratic stability

In this section,we rst give anothersufcient conditionfor
the quadraticstability problem. We thenintroducea ran-
domizedalgorithm;theideaoutlinedin the previoussection
is exploitedbasedn the new sufcient condition.

In the following proposition,we shav that for attractive-
nessijt sufces to checkthecondition(5) for thetrajectories
startingonly ontheboundarie®f , ,andthecells

In addition,this testfor eachtrajectorystartingin can
stopassoonasthetrajectoryenters orleaves

Proposition4.1 Suppose and
thefollowing conditions:

satisfy

(i) _ ;
(ii) for every , ;

(i) for every , , and ,
if theredoesnot exist suchthat
, then

Then,for theclosed-loopsystemn Fig. 1, theball is
quadraticallyattractive from with respecto



Now, wede ne tobethesetof matrices satisfyingthe
conditions(ii) and (iii) in Proposition4.1. Theset will
be referredto asthe setof feasiblematrices. This sethas

the propertythatif thenfor every thereis a

neighborhooaf in , asshavn below.

Lemma4.2 Suppose f and , then
for all satisfying

Thelemmasays,in particular thatfor any thereis a

ball of radius containedn

In thealgorithmproposedn [15], theiterationstepsupdat-
ing malke useof the projection on the coneof non-
negative matrices. In the stability problemof this paper
however, it is crucialto have  positive de nite: If  has

zeroeigervalues,  cannotbein , in which casethe
condition(i) in Propositiord4.1is not met.

To overcomethis problem,we introducean operator on
symmetricmatrices,which hasthe property

fora x ed . Thiswill beusedin our algorithmin-
steadof the projection.

Given , let its eigervalue decom-
position be , where is orthogonaland
. Now, for , let
. De ne by

In particular it is known that the projectionof on is

given by [14]. Now, given and

, let . Then,de ne
theoperator by

(6)

Clearly, the smallesteigervalue  of canbechosen

arbitrarily large because . This propertygivessome

e xibility in the algorithm;we elaboratemorelaterin this
section. We also note that the parameter representshe
radiusof a ball containedn theset ; asdiscusseaarliet
suchaball existsfor ary

We now give alemmaon the operator , which exhibits a
certainrelationwith the parameters and

Lemma 4.3 For symmetricmatrices with

As describedn Section3, the algorithmrequiresrandom
generatiorin stateandtime. Here,we give probabilityden-

sity functionsin the two spaces.Proposition4.1 suggests

thatgeneratiorof a statemustbe accompaniedvith anin-
dex becausein the condition(iii), boundarypointsof adja-
centcells have to be distinguished.Thus,we rst take the
densityfunction for and as

if @)

where

On the otherhand,the generatiorof is requiredwhena
state correspondingo thecondition(iii) in theproposition
is generatedThedensityfunction for takestheform

if (8)
Dueto therandomizationn two spacesywe usethenotation
with doubleindicesin the algorithm. At the th iteration,
the algorithmgenerates pair of stateand
index accordingto andthen,if necessanryit alsogen-
eratesa set of time instantsaccording
to . Otherparametersvhich are updatedteratively take
suchdoubleindicesaswell, e.g.,

Next, we introducea scalarfunction asfollows: For
, ,and , let

Notethat holdsiff

Thealgorithmis basednthegradientof in . Since is
linearin , its gradientdenotedy , is givenby

Theiteratve randomizedalgorithmfor the quadraticstabil-
ity problemis now presented.

Algorithm 4.4 1. Setaninitial , andset
and for in (6).
2. Generate accordingto the densityfunc-

tion givenin (7).
a. If , thenset

if 9)
otherwise

where and
is the stepsizegivenby

b. If , then

(i) generate accordingto  in
(8) with theindicesin increasingorder:

(i) if and

, thenset ; otherwise set

(10)

otherwise



where and
is the stepsizegivenby

(iii) set

3. Check
that

and nd , if it exists, such

We saythatanupdatein  occurswhenanewv is gen-
eratedin either(9) or (10). Here, we emphasizahat the
choicesof theinitial and arearbitrary

Thefollowing is the maintheoremof this paper

Theorem4.5 Suppose . Then, Algorithm 4.4 con-
vergesin a nite numberof stepswith probabilityone.

In general,it is dif cult to estimatethe numberof steps
neededeforeobtaininga feasible . Onecanalwaysrun
thealgorithmuntil no updateoccursfor mary randomsam-
ples. Moreover, to con rm thatthe obtained is actually
feasible onecanchecktheconditionsin Propositior4.1for
agivennumberof samples.

5 Numerical example

We applied Algorithm 4.4 to the magneticball levitation
systemin Fig. 2. Thisexamplehasbeenstudiedextensvely
in [7, Sec.4.7] wherealogarithmicquantizerwasdesigned
by ananalyticalmethod.Themethodis, however, knovn to
be subjectto conseratism. In this section,usingthe algo-
rithm, we obtainmoreaccuratéboundson the performance
of the systemandclarify the extentof conseratism.

In Fig. 2, asteelball of mass s levitatedby the electro-
magnet.The position of theball is keptat anequilibrium
throughcontrolling the voltage . The currentin the caoill
is , andtheresistancendinductanceof the magnetare
and , respectiely. The systemis linearizedto (1) around
anequilibrium for the nominalvoltage

V. The stateis andthe system
matrices and aregivenby

_ : — and
where kg, , H, and

Nm /A ,and isthegravitationalacceleration.

The sampled-data&ontrollerdesignedn [7] is asfollows.
First,anLQR optimalstatefeedback is designedhrough
solvinga Riccatiequationwhosesolution, ,is

O

Figure 2: Magnetichall levitation system

Figure 3: Thepartitionof thelogarithmicquantizer

The eigervaluesof  are
We can easily check that the

continuous-timesystem is quadrati-
cally stablewith respecto , Where
. Then, a logarithmic quantizer
and a samplingperiod are designedso that the ball

is quadraticallyattractive from
to , Where , ,and

with respect

The designedjuantizerin theform (2) is givenasfollows.
Theindex setis , andthe partitioncells ,
aregivenby and

sgn sgn

where and . Thecontrolinputs

, are sgn , Where . A sketch
of the partitionis givenin Fig. 3. Notice thatthe partition
cells are strips orthogonalto the subspacepannedy
and becomewider as the distancefrom the origin grows.
Thedesignedsamplingperiodis  gesign

At this point, we emphasiz¢he conseratismin thedesign.
Although islargein thedesign( ), we obsenedin
simulationthatthe trajectoriesof the resultingsystemnor-
mally entereda ball of radius0.02. The orderof magnitude
in thedifferences largepartially dueto the onepatrticularly
largeeigervalueof , which makesits level sets‘narrow.”

To obtainreasonableesults,we hadto run the algorithm
severaltimesconsecutiely, startingeachrunwith the  re-
sultingfrom thepreviousrun. For eachrun, we used10,000
samplesn stateand,for eachsampledstate,4 samplesn

time,i.e., . Whentherewasno updatefor two runsin

arow, wemodied and/or ; thisseemedo beenough
for checkingwhenwe useda nonuniformdensityfunction
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, which we obtainedthroughsometrial anderror.

After 19 runswith 28 updateswe arrived at
Theresulting is

Theeigervaluesare . We
remarkthatwhile the largesteigervaluesof and are
almostthesametherestarelargerin . Thisimpliesthat
thelevel setsof  are“rounder” andhencewe obtaineda
smallerattractie ball. A time responsevascalculatedfor
theinitial state , and is
shavn in Fig. 4. Herethe horizontalline indicates
. Thetrajectoryclearlygoesunderthisline.

6 Conclusion

For sampled-dataystemswith quantizerswe have devel-
opeda quadraticstability analysismethodusinga random-
izedalgorithm. This methodprovidesa computationallyef-
cient way to verify quadraticattractvenessn a systematic
manner The approachs not limited to linear systemsand
appliesequallyto nonlinearplants atleastattheconceptual
level. Details,however, aredifferentandmoreinvolved,and
thisis a subjectfor futureresearch.
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