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Abstract

We presenta novel developmentof randomizedalgorithms
for quadraticstability analysisof sampled-datasystems
with memorylessquantizers.The speci�c randomizedal-
gorithmemployedgeneratesaquadraticLyapunov function
and leadsto realistic boundson the performanceof such
systems.A key featureof this methodis that the charac-
teristicsof quantizersareexploited to make the algorithm
computationallyef�cient.

1 Intr oduction

Quantizationinvolved in control systemshasrecentlybe-
comeanactive researchtopic [1,3,5–8,11,13,16,20]. The
needfor quantizationinevitably ariseswhen digital net-
worksarepart of the feedbackloop, andit is of interestto
reducethedataratenecessaryfor the transmissionof con-
trol signals. In particular, the minimum dataratesfor cer-
tain stabilizationproblemsarefound explicitly in [11,16];
theseresultsrely on theuseof time-varyingquantizerswith
memoryto achievetheminimumrates.

Among the works mentionedabove, those of [5–8, 20]
studytheeffect of memorylessquantizersin thecontext of
sampled-datasystems. Certainly, if a quantizeddiscrete-
time signaltakesonly a �nite numberof �x edvalues,then
trajectoriesmay go closeto an equilibrium, but not con-
verge,i.e., asymptoticstability cannot beachieved. Then,
a questionthat naturally arisesis, how closecan the tra-
jectoriesget to the equilibrium point? Whenthe sampling
period is large, anotherquestionis, how closedo the tra-
jectoriesstayto theequilibriumpointbetweensamplingin-
stants? Thesequestionshave beenaddressedin the cited
references,andboundson trajectorieshave beenfoundan-
alytically, albeitat theexpenseof crudeconservatism.

In this paper, we follow a probabilisticapproachto ana-
lyze the stability of quantizedsampled-datasystems.The
method we introduce systematically�nds more realistic
boundson the trajectoriesas well ason the samplingpe-
riodsby generatinga quadraticLyapunov function. It em-
ploys gradient-basedrandomizedalgorithms,which were

1This work wassupportedin partby NSFGrantCCR00-85917ITR.

proposedin [15] for robust linear quadraticregulatorsand
have beenalso usedfor other problems[2, 4, 10,12,18].
In addition,anellipsoidal-basedrandomizedalgorithmhas
beenproposedin [9]. To make thealgorithmcomputation-
ally ef�cient, we have incorporatedthe characteristicsof
quantizedcontrolsystems.

Speci�cally, we considerherethe setupin [7] wheresta-
bilization of linearsampled-datasystemswith memoryless
quantizersis studied.Thestability criterion is quadraticin
thecontinuous-timedomainwith a�x eddecayrate,thusas-
suringasatisfactoryintersamplebehavior. Thealgorithmis
gradient-basedand�nds sequentiallyaquadraticLyapunov
function, if oneexists, in a �nite numberof iterationswith
probability one. The basicideais that, at eachiteration,a
randomtrajectoryatarandomtimeinstantis generatedand,
if the candidateLyapunov function is not decreasing,then
a new candidateLyapunov functionis generated.A unique
featureof thealgorithmstudiedhereis therandomizationin
bothstateandtime.

Thepaperis organizedasfollows. In Section2, theproblem
is formulated,and in Section3 the randomizedalgorithm
approachis brie�y introduced. In Section4, we presenta
new suf�cient condition for the stability of the quantized
system;thisconditionis thenusedfor developingacompu-
tationallyef�cient algorithm. We give numericalresultsin
Section6 andsomeconcludingremarksin Section7.
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2 Problemformulation

In this section,we presentthe setupof quantizedcontrol
systemsandformulatethestability analysisproblem.Con-
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Figure1: Quantizedsampled-datasystem

sider the continuous-timesystemdepictedin Fig. 1. The
pair 
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#�� � is thelineartime-invariantplantgivenby
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where�('*) is thesamplingperiod.

We now give thede�nition of a quantizer
�

. First, we say
that a partition +�,.-0/1- Q32 of �

� with an index set 4 is �-
nite if for every �

'5) thereexistsa �nite subset4�6 of 4

suchthat ��7
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� �98:- Q32<;!,=- . Then,givena �nite partition
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� �>� of controlinputs,
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Clearly, this quantizeris memoryless.Here,each ,
- in the

partition is calleda cell. For technicalreasons,we assume
thatthecells ,.- , A ��4 , arepolytopes,i.e., intersectionsof
half spaces,with nonemptyinterior.

For a positive-de�nite D �=����� � , de�ne the quadratic
Lyapunov function E�F
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Now we give thede�nition of stability, calledquadraticat-
tractiveness,usedthroughoutthepaper.

De�nition 2.1 Given a scalar T!7U'V) , positive-de�nite
matricesD #XW � � ����� , anda �x ed quantizer
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We note that this de�nition of stability for the sampled-
datasystemis in the continuous-timedomain. Hence,the

2We consideronly thecasewhen j is not Hurwitz, becauseotherwise
theproblemto beposedbecomestrivial, aswewill seeshortly.

Lyapunov function E F
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� � mustdecreaseatacertainrate
evenbetweensamplinginstants,andtheellipsoid _ a&b

F

must
beaninvariantset.On theotherhand,it canbeobservedin
(3) thatif thematrix � is Hurwitz, thenfor thegiven W there
alwaysexistsa D for quadraticattractiveness(with �

7 )k) ),
andhencetheproblembecomestrivial.

The quadraticstability problemis now de�ned asfollows:
Given a scalar T\7#'l) , a quantizer

�

, a samplingperiod
�m'5) , anda positive-de�nite W � ����� � , �nd a positive-
de�nite matrix D � � � � � anda scalar�

7n'c) suchthatfor
theclosed-loopsystemin Fig.1, theball �Y7
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7 � is quadrati-
cally attractive from theball � 7




T 7 � with respectto 


D #1W � .

Remark 2.2 The setupof our problem is similar to that
in [7]. The quantizerdesign problem consideredthere
is roughly as follows: Given T 7 'o) , a statefeedback
gain matrix p suchthat �

�9�Xp is stable,andmatrices
D #1Wk'5) , design

�

, � , and �

7 for quadraticattractiveness
with respectto 


D #qW � . The classof quantizersconsidered
thereis somewhatrestrictedcomparedto that in thede�ni-
tion above,but ananalyticsolutionto theproblemhasbeen
found. The limitation is, however, theconservatismin the
design,especiallyin � and �

7 . The analysismethodpre-
sentedin thispaperprovidesawayto obtainamorereason-
ableestimateof theperformanceof thedesignedsystem.

Next, we denoteby r
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This is thesetof statesat which theLyapunov functionde-
creaseswhen � is applied.

We now introducetwo sets.Let „X7 #&„

5

��� � beellipsoids
with „

5

� ��7




T…7 �	�†„‡7 . Theseellipsoidsrepresentes-
timatesof the invariantsetswe arelooking for, aswill be
seenshortly. By thede�nition of �nite partitions,thereis a
�nite subsetof +$,.-3/q- Q32 thatcovers „‡7 ; denoteby 4:6 the
index setof thecellsin this subset,with ˆ elements.

Similarly to (4), we alsode�ne theellipsoid
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Note here that the boundingeigenvalue in this set is the
maximumone,andhencethis _

‰

b

F

is thesmallestlevel set
of E

F containing�•7




T\7 � .

Finally, we present a simple suf�cient condition for
quadraticattractiveness,which is the startingpoint for the
developmentin thefollowing sections.

Lemma 2.3 Supposethat D )5D•G�'() and �

7
'() satisfy

thefollowing conditions:
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Then,for theclosed-loopsystemin Fig.1, theball �Y7
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D #qW � .

We noticethat if the conditionsin the lemmaabove hold,
thereare several consequences.One is that the ellipsoid

_:‰

b

F

is an invariantsetcontainedin „ 7 , i.e., all trajectories
startingin this ellipsoid remainin it. Anotherone is that
theregionwheretheLyapunov function E�F
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is containedin „

5 ; thus,all trajectoriesof thesystementer
_ a b

F

, which is alsoaninvariantset.We notethatthesets„ 7

and „

5 donotdependon D . This is animportantaspectfor
thedevelopmentsof iterativealgorithmsthatsearchfor D .

3 The randomizedalgorithm approach

To solvethequadraticstabilityproblem,wefollow aproba-
bilistic approachwhichhasbeenrecentlystudiedin the�eld
of robustcontrol of uncertainsystems.In this section,we
brie�y introduceit andthenpresenta simplealgorithmfor
the stability problem. This probabilisticapproachcharac-
terizesthe interplayof probability and robustnessmaking
useof classicalhardboundsof robustcontroltogetherwith
probabilisticinformation,which is rarelyusedin this con-
text. The �nal objective is to develop low-complexity ran-
domizedalgorithmsfor varioussystemsandcontrol anal-
ysis anddesignproblems,at the expenseof introducinga
“small” probabilisticrisk. For further discussionson this
generalsubject,we refer to the overview papers[19] and
[17].

A recentpaperof directrelevancehereis [4], whereastabi-
lizationmethodfor linearparametervaryingproblemsusing
randomizedalgorithmshasbeenfully developed,andabrief
discussionregardingpossibleextensionsto nonlinearsys-
temsanalysisis outlined. This discussionis now expanded
to explainhow this techniquecouldbeusedin principlefor
quantizedsystems.

For illustrative purposes,considertheproblemto �nd D )

D
G

'() suchthat thecondition(ii) in Lemma2.3holds. If
sucha D is found, thenevery trajectorywith �
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Now, an iterative randomizedalgorithmcanbe brie�y de-
scribedasfollows:

1. Setaninitial D .

2. At eachiteration, generaterandomly �
7

�5„
7 and

�

� " )�#O��� accordingto, say, uniform densityfunc-
tions; if (5) in the condition (ii) doesnot hold, i.e.,
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Here, the update is based on the gradient of
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� 7 � � in D . This is because,in
Step2 above, (5) is basicallyan inequalitywith D appear-
ing only in the term
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� .
The algorithm can be shown to converge, if a solution
exists,in a �nite numberof iterationswith probabilityone.

This algorithm provides a systematicway to analyzethe
quantizedsystemwith less conservatism than other ap-
proaches,with the drawbackthat probabilisticresults,in-
steadof guaranteedsolutions,are found. Moreover, from
theprobabilisticapproachviewpoint,auniquefeatureis that
randomizationis performedin two spaces,stateandtime.

On theotherhand,basedon thesimplesuf�cient condition
of Lemma2.3, this algorithmhascertainredundancy. For
example,supposethat for � 7 � , - there is �

7 � " )�#O���

suchthat �

5

E ) r
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7 � �†, - . Then, the condition
(5) for �L7 at �

)

�

7 andthat for �

5 at �

)†) reduceto ex-
actlythesameone.Thelemma,however, requiresthatthese
two conditionsbecheckedseparately. Hence,thenumberof
trajectoriesto begeneratedmaybeunnecessarilyhigh,and
this in turncanmaketheconvergenceof thealgorithmslow.

As a resultof this observation,to make thealgorithmcom-
putationally more ef�cient, we study how to reducethe
numberof trajectoriesfor the condition(5) to be checked.
Thiscanbedoneby takinginto accountthespeci�c charac-
teristicsof thequantizedsampled-datasystems.We obtain
animprovedversionof therandomizedalgorithm,which is
presentedin full detail in Section4.

4 An ef�cient algorithm for quadratic stability

In this section,we �rst give anothersuf�cient conditionfor
the quadraticstability problem. We then introducea ran-
domizedalgorithm;theideaoutlinedin theprevioussection
is exploitedbasedon thenew suf�cient condition.

In the following proposition,we show that for attractive-
ness,it suf�ces to checkthecondition(5) for thetrajectories
startingonly on theboundariesof „X7 , „

5 , andthecells ,.- .
In addition,this testfor eachtrajectorystartingin ��, - can
stopassoonasthetrajectoryenters, -	�Y„

5 or leaves „‡7 .
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Then,for theclosed-loopsystemin Fig.1, theball �
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Now, we de�ne � to bethesetof matricesD satisfyingthe
conditions(ii) and(iii) in Proposition4.1. The set � will
be referredto asthe setof feasiblematrices.This sethas
thepropertythat if D ��� thenfor every �9'

�

thereis a
neighborhoodof �>D in � , asshown below.

Lemma 4.2 Suppose��� )�� . If D ��� and �5'
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Thelemmasays,in particular, that for any �

' ) thereis a
ball of radius� containedin � .

In thealgorithmproposedin [15], theiterationstepsupdat-
ing D make useof the projection D C on the coneof non-
negative matrices. In the stability problemof this paper,
however, it is crucial to have D positive de�nite: If D has
zeroeigenvalues,_J‰

b

F

cannotbe in „ 7 , in which casethe
condition(i) in Proposition4.1 is notmet.

To overcomethis problem,we introducean operator ;
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on
symmetricmatrices,which hasthe property ;
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for a �x ed =�7 ' ) . This will be usedin our algorithmin-
steadof theprojection.
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In particular, it is known that the projectionof ! on < is
given by ! C )

<

7
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Clearly, thesmallesteigenvalue =
7 of

;

<




! � canbechosen
arbitrarily largebecause�

5�K

� . This propertygivessome
�e xibility in thealgorithm;we elaboratemorelater in this
section. We also note that the parameter� representsthe
radiusof a ball containedin theset � ; asdiscussedearlier,
suchaball existsfor any �

' ) .

We now give a lemmaon theoperator ;
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, which exhibits a
certainrelationwith theparameters� and �

5 .
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As describedin Section3, the algorithmrequiresrandom
generationin stateandtime. Here,wegiveprobabilityden-
sity functionsin the two spaces.Proposition4.1 suggests
thatgenerationof a statemustbeaccompaniedwith an in-
dex because,in thecondition(iii), boundarypointsof adja-
centcellshave to be distinguished.Thus,we �rst take the
densityfunction LS�

1

- for � and A as
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On the otherhand,the generationof � is requiredwhena
state� correspondingto thecondition(iii) in theproposition
is generated.Thedensityfunction L

w

for � takestheform

L

w
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� " );#O���RC (8)

Dueto therandomizationin two spaces,weusethenotation
with doubleindicesin the algorithm. At the : th iteration,
thealgorithmgeneratesa pair 
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Thealgorithmis basedon thegradientof T in D . SinceT is
linearin D , its gradient,denotedby U

F
T , is givenby
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Theiterative randomizedalgorithmfor thequadraticstabil-
ity problemis now presented.

Algorithm 4.4 1. Setan initial DWO
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We saythat an updatein D occurswhena new D is gen-
eratedin either (9) or (10). Here, we emphasizethat the
choicesof theinitial D and �

'c) arearbitrary.

Thefollowing is themaintheoremof this paper.

Theorem4.5 Suppose� �) � . Then,Algorithm 4.4 con-
vergesin a �nite numberof stepswith probabilityone.

In general,it is dif�cult to estimatethe numberof steps
neededbeforeobtaininga feasibleD . Onecanalwaysrun
thealgorithmuntil noupdateoccursfor many randomsam-
ples. Moreover, to con�rm that the obtainedD is actually
feasible,onecanchecktheconditionsin Proposition4.1for
agivennumberof samples.

5 Numerical example

We appliedAlgorithm 4.4 to the magneticball levitation
systemin Fig.2. Thisexamplehasbeenstudiedextensively
in [7, Sec.4.7] wherea logarithmicquantizerwasdesigned
by ananalyticalmethod.Themethodis, however, known to
besubjectto conservatism. In this section,usingthealgo-
rithm, we obtainmoreaccurateboundson theperformance
of thesystemandclarify theextentof conservatism.

In Fig. 2, a steelball of mass� is levitatedby theelectro-
magnet.Theposition � of theball is keptat anequilibrium
throughcontrolling the voltage T . The currentin the coil
is 9 , andtheresistanceandinductanceof themagnetare T

and � , respectively. Thesystemis linearizedto (1) around
anequilibrium " �
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, and ' is thegravitationalacceleration.

The sampled-datacontrollerdesignedin [7] is as follows.
First,anLQR optimalstatefeedbackp is designedthrough
solvinga Riccatiequation,whosesolution, D

7 , is
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The eigenvaluesof D>7 are
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Thedesignedquantizerin theform (2) is givenasfollows.
The index setis 4 ) � , andthepartitioncells ,…- , A$�N4 ,
aregivenby ,\7 )(+ � E\p$� �
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of thepartition is given in Fig. 3. Notice that the partition
cells arestripsorthogonalto the subspacespannedby p
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and becomewider as the distancefrom the origin grows.
Thedesignedsamplingperiodis � design )
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At this point,we emphasizetheconservatismin thedesign.
Although �

7 is largein thedesign( �

7
)

%

b ), weobservedin
simulationthat the trajectoriesof the resultingsystemnor-
mally entereda ball of radius0.02.Theorderof magnitude
in thedifferenceis largepartiallydueto theoneparticularly
largeeigenvalueof D>7 , whichmakesits level sets“narrow.”

To obtain reasonableresults,we had to run the algorithm
severaltimesconsecutively, startingeachrunwith the D re-
sultingfrom thepreviousrun. For eachrun,weused10,000
samplesin stateand,for eachsampledstate,4 samplesin
time, i.e., s )t$ . Whentherewasno updatefor two runsin
a row, we modi�ed �

7 and/or � ; this seemedto be enough
for checkingwhenwe useda nonuniformdensityfunction
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remarkthatwhile the largesteigenvaluesof D>7 and D

5 are
almostthesame,therestarelargerin D

5 . This impliesthat
thelevel setsof D

5 are“rounder,” andhencewe obtaineda
smallerattractive ball. A time responsewascalculatedfor
the initial state �
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shown in Fig. 4. Here the horizontalline indicates�
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. Thetrajectoryclearlygoesunderthis line.

6 Conclusion

For sampled-datasystemswith quantizers,we have devel-
opeda quadraticstability analysismethodusinga random-
izedalgorithm.Thismethodprovidesacomputationallyef-
�cient way to verify quadraticattractivenessin asystematic
manner. Theapproachis not limited to linearsystemsand
appliesequallyto nonlinearplants,at leastat theconceptual
level. Details,however, aredifferentandmoreinvolved,and
this is asubjectfor futureresearch.
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