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Abstract— The functional lifetimeof a sensor network is de�ned as the
maximum number of times a certain data collection function or task can
be carried out without any node running out of energy. The speci�c task
considered in this paper is that of communicating a speci�edquantity
of information from each sensor to a collector node. The problem of
�nding the communication scheme which maximizes functional lifetime
can be formulated as a linear program, under “�uid-like” ass umptions
on information bits. This paper focuses onanalytically solving the linear
program for some simple regular network topologies.

The two topologies considered are a regular linear array, and a
regular two-dimensional network. In the linear case, an upper bound
on functional lifetime is derived, as a function of the initial energies and
quantities of data held by the sensors. Under some assumptions on the
relative amounts of the energies and data, this upper bound is shown to
be achievable, and the exact form of the optimal communication strategy
is derived. For the regular planar network, upper and lower bounds on
functional lifetime, differing only by a constant factor, are obtained.

Finally, it is shown that the simple collection scheme of transmitting
only to nearest neighbors, yields a nearly optimal lifetimein a scaling
sense.

I. I NTRODUCTION

Consider a network of sensors, each with a certain quantity of
data to be communicated to a designated collector node. The sensor
nodes are low power devices, while the collector node might be
an information processing center, or a more energy-rich device
functioning as a gateway to a higher bandwidth wireless network
(such as in [1]). Information packets can be relayed - there is no
compression or processing allowed - through an arbitrary sequence of
nodes before reaching the collector. There is an energy costassociated
with each transmission, which consists of a cost to transmit, that is
a function of the transmitter-receiver distance, as well asa cost to
receive.

The above is a somewhat idealized model of a sensor network,
with a very simple de�nition of a data collection task. In this
paper, we examine the notion offunctional lifetime, which is de�ned
as follows: Given a quantity of data and an energy budget (for
transmitting and receiving) at each node, the functional lifetime is
the maximum number of times the task of delivering all the data
to the collector node can be repeated before some node runs out
of energy. Alternatively, it is the maximum common scale factor by
which all the quantities of data at all the sensors can be scaled, while
ensuring that it can be delivered to the collector node without some
node running out of energy.

In general, a sensor network may be simultaneously performing a
variety of tasks, including sensing, processing and communication.
In such a context a natural question to ask is the “cost” to longevity
associated with carrying out a speci�c task of interest, andhow
such a cost is to be minimized. The per task functional lifetime
de�ned above addresses such a question for communication tasks;
its inverse represents the maximum fraction of any node's energy,
i.e., or “fraction of lifetime” of the network, that is consumed in
performing the task. The important point to note is that minimizing

the total energy consumed may not be optimal for network lifetime,
due to the distributed nature of the communication burden aswell as
energy supplies.

Slight variants of this problem, with essentially the same modeling
assumptions and notion of lifetime (i.e., time until the �rst node
failure) have been considered in a number of papers in the literature,
in the context of energy aware or maximum lifetime routing. Chang
and Tassiulas [2] consider the problem of maximizing lifetime
given a certain set of source-destination information rates that must
be supported. Similar approaches, leading to linear and/orinteger
programming formulations which are basically the same as inthis
paper, have been employed in [3–5]. Most of these papers have
focused on �nding distributed algorithms to �nd the optimalrouting
strategy to maximize lifetime, without speci�cally analyzing what
this solution is.

In this work, we consider a restricted version of the problem
considered in the above papers. Two regular spatial topologies are
studied, a linear array and a planar circularly symmetric network.
Each of these consist of many sensors and one collector. Under these
restrictions, we are able to provide sharp analytical bounds, and in
some cases exact solutions, to the functional lifetime problem. These
analytical results cannot directly be translated to practical distributed
algorithms, since constructing the optimal schemes requires non-local
information. The advantage of an analytical approach however lies in
the structural insight that it provides; while the linear programs could
equally well be solved numerically, the numbers may not provide
such insight. Speci�cally, this paper attempts to shed light on natural
questions of interest such as:

� How does lifetime depend on the relative quantities and distri-
bution among sensors of data that is to be collected?

� What is the structure of routing strategies that are optimalwith
respect to lifetime?

� How does lifetime scale with the size of the network, and/or
quantity of data to be collected?

� How well do simple routing strategies perform in comparison
to the optimal strategy?

We take the approach of addressing these questions for simple
network topologies, which nevertheless are fairly good representatives
of multi-hop networks. Indeed, our results are indicative of what can
be expected in the broader class of “more or less” regular networks
as well. Our main contributions can be summarized as follows:

1) We provide an upper bound on the functional lifetime for
regular linear networks, which is valid for arbitrary energy
pro�les and data distribution.

2) Under some restrictions on the energy pro�le and data distribu-
tion, this upper bound is shown to be achievable, and the exact
form of the optimal solution is given. This optimal solution
causes all nodes to die simultaneously.

3) Similar results are obtained for a class of regular planar



networks.
4) The optimal solutions are compared to a simple suboptimal

routing strategy, which consists of each node forwarding all
data to its nearest neighbor in the direction of the collector.
The results indicate that the simple strategy is nearly optimal
in a scaling sense.

All the above results depend on a speci�c property of the energy cost
function, which is derived in Lemmas 3 and 4 in the appendix.

Analytical upper bounds on lifetime are also derived in [6].These
bounds are not very sharp for the “many-to-one” information�ows
that we consider here, since they deal with total energy consumption
rather than per-node energy consumption.

One minor point needs to be noted. While most of the afore-
mentioned papers have considered lifetime as being in actual time
units, as a function of sets of desired information rates, wehave
de�ned functional lifetime as being the number of times a task can
be repeated. At one level, this is merely an issue of semantics; one
de�nition can be mapped to the other by mapping a time unit to
a “round,” which is the time taken for one repetition of the data
collection task. However, in the former approach one also needs to
address the feasibility of a particular communication �ow,which is
speci�ed in bits per time unit, given the bandwidth and interference
constraints of a wireless network.

In our formulation, however, there is no limitation on the time
taken to perform the required communication. For instance,we could
allow for the extremely inef�cient strategy of only one transmitter
in the entire network being active at a time. Such a strategy might
have an extremely large associated delay, but the energy consumption
would be as speci�ed by our modeling assumptions. Thus, our
formulation clearly separates the issue of lifetime optimization from
scheduling, delay, and achievable throughputs. In practice, however,
sensor network routing algorithms must jointly consider all these.
Characterizing the tradeoffs between lifetime, throughput and delay
remains an open problem.

The outline of the rest of the paper is as follows. Section II
describes the model and linear programming formulation. Sections
III and IV deal with the linear and planar networks, respectively.
Section V obtains scaling laws for the optimal lifetime, followed by
a discussion of conclusions and future work.

II. M ODEL, ASSUMPTIONS ANDFORMULATION OF L INEAR

PROGRAM

The general problem setting we consider is very similar to those
considered in [2–5]. Suppose there are sensors1; 2; : : : ; n located on
a plane, along with a collector node labeled0. Sensori located at
(x i ; yi ), has bi bits to send to the collector node, and has initial
energy levelE i . The energy consumed by nodei in sendingm
units of information to nodej , which is a distanced(i; j ) away,
is mf (d(i; j )) , while the energy consumed byj (for j 6= 0 ; we do
not count the energy consumed by the collector node) in receiving
m units of information, isf R m, for a given constantf R � 0. We
seek the communication scheme that maximizes the number of times
the information collection process, i.e., communicatingbi bits from
each sensor to the collector node, can be repeated before oneof the
sensors dies, i.e., has no remaining energy.

We make the simplifying assumption that information is in�nitely
divisible and incompressible. As a consequence of this “�uid-like”
assumption, �ow conservation is preserved.
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Fig. 1. A regular linear sensor network.

Consider the following linear program:

Min z (1)

subject to:

1
E i

 
X

0� j � n

� ij f (d(i; j )) +
X

1� j � n

� ji f R

!

� z; 1 � i � n (2)

X

0� j � n

� ij �
X

1� j � n

� ji = bi ; 1 � i � n (3)

� ij � 0; 1 � i; j � n:

Here� ij denotes the amount of information transmitted from nodei
to nodej , andz is essentially the maximum of thenormalized costs,
or energy cost divided by initial energy, incurred by each node. The
set of � ij 's satisfying the constraints speci�es a communication�ow
from the set of sensors to the collector node.

This formulation is in a different form than the linear program
described in [2], but the two can be mapped to each other via simple
change of variables. The following lemma establishes the connection
between the functional lifetime problem and the linear program (1).

Lemma 1:The solution to the optimization problem (1) yields
the strategy that maximizes the number of times the information
collection process described above can be repeated before some node
dies. The functional lifetime is given by1z � , wherez� is the optimal
value of the objective function.
Proof. Assuming the �uidity of information, any feasible solutionto
(1) can be translated to a communication scheme with appropriate
scheduling, since the �ow conservation constraints (3) aresatis�ed.
If � � is the solution to the optimization problem, with optimal value

z� , one can replace all thebi 's by bi
z � and the� �

ij 's by
� �

ij
z � . Then,

from the constraints (2), we have that for eachi ,

1
z�

 
X

0� j � n

� ij f (d(i; j )) +
X

1� j � n

� ji f R

!

� E i ; (4)

meaning that no sensor runs out of energy. Thus, the optimal
communication scheme can repeat the operation1

z � times without
any sensor running out of energy.

On the other hand, any communication scheme to repeat the
operationK times, i.e., transmitKb i bits from each node to the
collector, must involve sending bits between nodes in such away so
as to satisfy the �ow conservation constraints (3). Furthermore, the
total energy consumed by each nodei must be no more thanE i ,
so a constraint of the form (4) must be satis�ed as well. Thus,the
constraints (3) and (2) are necessary as well as suf�cient, and 1

z � is
the maximum number of times the operation can be repeated.

The linear program given above can be numerically solved forany
number of nodes, any spatial placement, and energy function. The
rest of the paper, however, will be devoted to explicitly solving this
problem in some restricted cases.

III. F UNCTIONAL L IFETIME OF REGULAR L INEAR NETWORKS

Consider the uniform linear con�guration (Figure 1), wheren
sensors spaced evenly at a distanced from each other on a line, with



a single collector node located at the leftmost point. The collector
node is located at the origin, and sensori at the point(id; 0).

The energy cost functionf (�) is given by

f (x) = E t x � e
x ; (5)

where � � 2 is the path loss exponent,
 � 0 the absorption
coef�cient, andE t is some positive constant. We make the following
assumption on the constantf R , which represents the energy to receive
a unit of information:

Assumption: f R � E t d� (1 � (1=2)� � 1 ):

This is a fairly reasonable condition; for� = 3 , it states that
the power to receive must be no more than3

4 times the power to
transmit to the nearest neighbor. As stated, it is a suf�cient condition
for Lemma 4 to hold; we expect that a somewhat weaker condition
would also suf�ce. Nonetheless, the structure of the energycost
function, together with this assumption, are critical to all the results
in this paper. The only speci�c property we require of the energy
cost function is stated in Lemma 4, and this property is essential
for any of our results to hold. Essentially, what it describes is the
relative costs of short and long hops; the disadvantage of a long hop
is that due to the sharp degradation in signal power with distance, it is
more inef�cient in terms of transmit power than multiple short hops
(see [7]). However, multiple short hops involve more receptions and
thus increase the power spent in receiving, and in addition increase
the energy consumption of the relaying nodes. The optimal strategy
described in Subsection II B optimally balances these two effects.
However, if power to receive is too high (i.e., the assumption on f R

is violated), then relaying becomes too expensive, and sucha strategy
is no longer optimal.

The form of the cost functionf (�) given by (5), and the assumption
on f R will be implicitly assumed for the rest of the paper.

Denotef i := f (id) for brevity. The linear program (1) has the
following form:

Min z (6)

subject to:

E1z �

 
X

0� j � n

� 1j f j j � 1j +
X

1� j � n

� j 1 f R

!

� 0

E2z �

 
X

0� j � n

� 2j f j j � 2j +
X

1� j � n

� j 2 f R

!

� 0

� � �

En z �

 
X

0� j � n

� nj f j j � n j +
X

1� j � n

� jn f R

!

� 0

� 10 + � 12 + : : : + � 1n � � 21 � � 31 � : : : � � n 1 = b1

� 20 + � 21 + : : : + � 2n � � 12 � � 32 � : : : � � n 2 = b2

� � �

� n 0 + � n 1 + : : : + � nn � 1 � � 1n � : : : � � n � 1n = bn

� ij � 0, for each1 � i; j � n:

A. Upper Bound on Lifetime

We now give the �rst main result, which provides an upper bound
to functional lifetime via linear programming duality.

Theorem 1:Let z� be the optimal value of the linear program (6).

z� is lower bounded as follows:

z� �

P n
i =1 bi

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

P n
i =1

E i
f i

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

: (7)

Proof. We �nd a feasible solution to the dual program of (6) with
objective function equal to the RHS of (7). The result then follows
by weak duality.

Associating the �rst n constraint equations in (6) with vari-
ables y1 ; y2 ; : : : ; yn , and the lastn constraint equations with
w1 ; w2 ; : : : ; wn , the dual linear program has the following form:

Max b1y1 + b2y2 + : : : + bn yn (8)

subject to:

E1w1 + E2w2 + : : : + En wn � 1

� f 1w1 + y1 � 0

� f 1w1 � f R w2 + y1 � y2 � 0

� f 2w1 � f R w3 + y1 � y3 � 0

� � �

� f n � 1w1 � f R wn + y1 � yn � 0

� f 2w2 + y2 � 0

� f 1w2 � f R w1 + y2 � y1 � 0

� f 1w2 � f R w3 + y2 � y3 � 0

� � �

� f n � 2w2 � f R wn + y2 � yn � 0

� � �

� f n wn + yn � 0

� f n � 1wn � f R w1 + yn � y1 � 0

� � �

� f 1wn � f R wn � 1 + yn � yn � 1 � 0

w1 ; w2 ; : : : ; wn � 0:

Consider the following choices ofyi 's andwi 's: For each1 � i �
n, set

yi =

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

P n
i =1

E i
f i

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

andwi =
yi

f i
: (9)

Then,
P

i bi yi = z� in equation (7), so the result is proved if
this set of choices actually constitutes a feasible solution to the dual.
Clearly, thewi 's are all non-negative. Now,

X

i

E i wi =
X

i

E i
f i

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

P n
i =1

E i
f i

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

= 1 :

Also, � f i wi + yi = 0 for each1 � i � n, by de�nition of wi . Next,
it must be proved that for each1 � j � n, 1 � k � n,

� f j k � j j wj � f R wk + yj � yk � 0:



For k > j , we have

� f k � j wj + yj =

�
1 �

f k � j

f j

� Q k
i = j +1 1 � f 1

f iQ k � 1
i = j 1 + f R

f i

yk

<

�
1 +

f R

f k

�
yk :

Thus, the only remaining case is in whichk < j , for which we
need to prove that

�
1 �

f j � k

f j

�
yj �

�
1 +

f R

f k

�
f k

=

�
1 +

f R

f k

�  Q j
i = k +1 1 � f 1

f iQ j � 1
i = k 1 + f R

f i

!

yj :

In other words,

1 �
f j � k

f j
�

Q j
i = k +1 1 � f 1

f iQ j � 1
i = k +1 1 + f R

f i

:

This is proved in Lemmas 3 and 4 in the Appendix.
The crucial step in this proof is the validity of Lemma 3, which

guarantees the feasibility of the conjectured dual solution. The
validity of this Lemma depends on the exact structure of the cost
function f (�), as will be evident in its proof.

B. Attaining the Dual Upper Bound

It turns out that the RHS of (7) is the objective function value
corresponding to a particular assignment of variables for the primal
problem, which is however not always feasible. But when it is, it is
automatically optimal due to strong duality. We now describe how to
obtain this assignment of variables.

Consider the following2n equations:

Feasible �ow constraints (10)

� �
10 f 1 + � �

21 f R = z� E1 (11)

� �
20 f 2 + � �

21 f 1 + � �
32 f R = z� E2 (12)

� � �

� �
k 0 f k + � �

kk � 1 f 1 + � �
k +1 k f R = z� Ek (13)

� � �

� �
n 0 f n + � �

nn � 1 f 1 = z� En ;

� �
10 � b1 = � �

21 (14)

� �
21 + � �

20 � b2 = � �
32 (15)

� � �

� �
k � 1k � 2 + � �

k � 10 � bk � 1 = � �
kk � 1 (16)

� � �

� �
n � 1n � 2 + � �

n � 10 � bn � 1 = � �
nn � 1

� �
nn � 1 + � �

n 0 � bn = 0 ;

with unknowns � �
ii � 1 and � �

i 0 for each 1 � i � n, and z� . If
these equations are solvable, and if the� �

ii � 1 's and � �
i 0 's are all

nonnegative, then the solution to these equations clearly yields a
feasible solution to the original linear program (6) (aftersetting all
the other �ows to zero). The communication �ow de�ned by this
solution consists of each node sending a part of its information to
the collector node, and the rest to its nearest neighbor in the direction
of the collector. The exact quantities are chosen in such a way as to
equalize the normalized costs incurred by each node (if possible,
otherwise the solution is not valid). This corresponds to all nodes
depleting their energy supply at the same time.

����������������������

nkCollector

Fig. 2. The optimal communication “�ow” for nodek.

Suppose that the equations are indeed solvable and that the
appropriate solutions are all nonnegative. We can then explicitly
calculate the objective functionz� . Solving (11) and (14), we get

� �
10 =

E 1
f 1

z� + b1 f R
f 1

1 + f R
f 1

; (17)

� �
21 =

E 1
f 1

z� � b1

1 + f R
f 1

: (18)

Substituting these in (12) and (15) and solving for� �
32 , we have

� �
32 (1 +

f R

f 2
) = z�

 
E2

f 2
+

E 1
f 1

(1 � f 1
f 2

)

1 + f R
f 1

!

�
b1(1 � f 1

f 2
)

1 + f R
f 1

� b2 :

Repeating this calculation, we obtain the following expression for
� �

kk � 1 ,

� �
kk � 1 = z�

k � 1X

i =1

E i

f i

Q k � 1
j = i +1 1 � f 1

f jQ k � 1
j = i 1 + f R

f j

�
k � 1X

i =1

bi

Q k � 1
j = i +1 1 � f 1

f jQ k � 1
j = i 1 + f R

f j

: (19)

By setting� �
n +1 n = 0 (since there is no noden + 1 ), we then obtain

the following expression forz� :

z� =

P n
i =1 bi

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

P n
i =1

E i
f i

Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

; (20)

which is the same as the upper bound derived in Theorem 1. The
above calculations show that the equations (10) do indeed admit
solutions. However, these solutions correspond to a valid �ow only
if the � �

k 0 's and � �
kk � 1 's are non-negative. Duality thus yields the

following result.
Theorem 2:If the set of equations (10) have non-negative solu-

tions, the corresponding communication �ow, in which each node i
communicates only to the two nodes, nodei � 1 and the collector
node0, is optimal with respect to the primal linear program (6). The
normalized cost incurred by each node under this �ow is the same,
and consequently all nodes in the network die at the same time. The
optimal functional lifetime is given by the inverse of the expression
in (20).

Figure 2 shows the form of the optimal strategy. The proof of
Theorem 2, depending as it does on the construction of the dual
solution and the solubility of the set of equations (10), seemingly
gives no intuitive reason why such a particular combinationof long
and short hops is optimal. In fact, it is possible to construct a
direct proof that such a strategy is optimal, by employing variational
arguments to show that any other strategy is suboptimal. Such a proof
is much more lengthy than the one provided here. It turns out that
the inequality proved in Lemma 4 is one of the key steps in this
alternate proof.

Theorem 2 provides suf�cient conditions which are purely interms
of thebi 's andE i 's. However, the form of the conditions is somewhat
involved. The following lemma gives simpler suf�cient conditions.



Lemma 2:If bi f i
E i

andE i are non-decreasing ini , then the set of
equations (10) have non-negative solutions.
Proof. We �rst prove that � �

k +1 k � 0 for all k. For convenience,

denoteg(i; j ) :=

Q j

l = i +1
1�

f 1
f lQ j

l = i
1+

f R
f l

. Substituting (19), this is the same

as proving that

z� �

P k
i =1 bi g(i; k )

P k
i =1

E i
f i

g(i; k )
:

Cross multiplying and canceling the common terms, we need toprove
that

 
nX

i = k +1

bi g(i; n )

!  
kX

i =1

E i

f i
g(i; k )

!

�

 
nX

i = k +1

E i

f i
g(i; n )

!  
kX

i =1

bi g(i; k )

!

:

Now, for anyk + 1 � l � n, and1 � m � k, by assumption we
havebl

E m
f m

� bm
E l
f l

: This implies that thelm th cross term in the
LHS is greater than or equal to thelm th cross term in the RHS, for
eachl andm. This proves that� �

k +1 k � 0 for all k � 0.
What is left to prove is that� �

k 0 � 0 for all k. From (17), it is
clear that� �

10 > 0. Solving for � �
k 0 in (13) and (16), we obtain that

for k � 2,

� �
k 0(1 +

f R

f k
) =

1
f k

(Ek z� � (f R + f 1)� �
kk � 1 + f R bk ):

Thus, we need to prove that for2 � k � n,

Ek z� � (f R + f 1)� �
kk � 1 + f R bk � 0:

We prove this using induction onk. For the base casek = 2 , we
have

E2z� � (f R + f 1)� �
21 + f R b2

� E1z� � (f R + f 1)

 
E 1
f 1

z� � b1

1 + f R
f 1

!

+ f R b2 (21)

= b1 f 1 + b2 f R � 0;

where (21) follows by substituting (18) and the assumption thatE2 �
E1 . Suppose now that the induction hypothesis is true fork � 1.
Substituting for� �

k � 1k � 2 in (19), we get that

� �
kk � 1 =

 
1 � f 1

f k � 1

1 + f R
f k � 1

!

� �
k � 1k � 2 +

E k � 1
f k � 1

z� � bk � 1

1 + f R
f k � 1

:

Then,

Ek z� � (f R + f 1)� �
kk � 1 + f R bk

� Ek � 1z� � (f R + f 1)

 
1 � f 1

f k � 1

1 + f R
f k � 1

!

� �
k � 1k � 2

� (f R + f 1)

 E k � 1
f k � 1

z� � bk � 1

1 + f R
f k � 1

!

+ f R bk (22)

=

 
Ek � 1 + Ek � 1

f R
f k � 1

� f R
f k � 1

Ek � 1 � f 1
f k � 1

Ek � 1

1 + f R
f k � 1

!

z�

+( f R + f 1)

 
1 � f 1

f k � 1

1 + f R
f k � 1

!

� �
k � 1k � 2 +

(f R + f 1)bk � 1

1 + f R
f k � 1
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Fig. 3. The regular planar network

+ f R bk

=

 
1 � f 1

f k � 1

1 + f R
f k � 1

!

(Ek � 1z� � (f R + f 1)� �
k � 1k � 2 + f R bk � 1)

+ bk � 1

f k � 1 + f R � f R + f R f 1
f k � 1

1 + f R
f k � 1

+ bk f R

� f R bk + f 1bk � 1 (23)

� 0;

where (22) follows from the assumption thatEk � Ek � 1 , and (23)
from the induction hypothesis.

IV. FUNCTIONAL L IFETIME OF A REGULAR PLANAR NETWORK

Consider the planar network shown in Figure 3. The center node
is the collector, and there areN concentric circles, each containing
nodes along its circumference. Thei th ring, of radiusiR , contains
Mi nodes, equally spaced along the circumference. There are thus
a total of N ( N +1)

2 M nodes. This particular con�guration for the
network is chosen simply as a convenient example of a regularplanar
network, due to its circular symmetry. Any other regular arrangement
of nodes would admit similar results, though the analysis might be
more cumbersome.

The direct approach of the last section is considerably harder in
the planar case. However, we can use the following simple idea to
obtain an upper bound. Suppose that all intra-ring communication,
i.e., communications between nodes belonging to the same ring, have
zero cost. Further, let the cost of a unit of transmission from any
node in ringi to any node in ringj 6= i be f (( i � j )R), i.e. as if the
distance between the two nodes were equal to the distance between
the two rings (when in fact the former is larger than or equal to the
latter). Since all link or hop communication costs are thereby either
reduced or remain the same, it is clear that such a modi�ed cost
network would have functional lifetime greater than or equal to the
original planar network. Therefore, an upper bound on the lifetime
of this modi�ed cost network is also an upper bound on the lifetime
of the original network.

The treatment of this modi�ed cost network is simpli�ed by the
fact that it is equivalent to the following linear network: Replace
the i th ring with a super-nodesi , located at a distanceiR from the
collector node. The initial energy of this super-node is

P
j E ij , and

the number of bits initially held by it is equal to
P

ij bij , whereE ij

and bij are the amount of energy and number of bits respectively
of the j th node in ringi of the original planar network. The set of
super-nodes thus forms a linear array with inter-node distanceR. The
upper bound of Theorem 1 can therefore be directly applied (with
f i now denotingf (iR )) to obtain the following upper bound on the
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Fig. 4. Bounding the constant K.

functional lifetime 1
z �

p
of the regular planar network:

1
z�

p
�

P N
i =1

� P Mi

j =1
E ij

f i

� � Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

�

P N
i =1

� P Mi
j =1 bij

� � Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

� : (24)

This upper bound is valid for any set ofE ij 's and bij 's.
To provide lower bounds on functional lifetime, however, wewill

have to impose further restrictions on the energies and information
quantities of the sensor nodes. Suppose that it is further true that for
each ringi ,

E ij = �E i and bij = �bi ; for all 1 � j � Mi , (25)

and that
�bi f i

�E i
and i �E i are non-decreasing ini: (26)

Then, Lemma 2 guarantees the achievability of the followingfunc-
tional lifetime for the linear network of super-nodes:

1
z�

p
�

P N
i =1

�
�E i Mi

f i

� � Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

�

P N
i =1

�
�bi Mi

�
� Q n

j = i +1
1�

f 1
f jQ n

j = i
1+

f R
f j

� : (27)

Now we construct a routing scheme for the actual planar network
which achieves this solution to within a constant factor. This scheme
attempts to mimic the optimal scheme for the linear super-node
network, with each ring equally dividing the �ow that it transmits
to the next inner ring among all the nodes in that inner ring. The
constant factor gap arises because the distance between twonodes in
successive rings is larger than the inter-ring distance.

Let � �
ii � 1 and � �

i 0 be the respective amounts of information
communicated from super-nodesi to super-nodesi � 1 and to the
collector node respectively, under the optimal �ow. De�neA i :=
� �

ii � 1
Mi , andB i :=

� �
i 0

Mi .
The nodes in the �rst ring communicate all their bits to the

collector. This scheme will ensure that each node in thei th ring
has a total load ofA i + B i bits, i.e., each node receives an equal
amount of incoming �ow, and further that each such node will incur
the same cost.

Consider thei th ring, for i � 2. Index each node by the angle of
the radial line connecting the node to the origin. These angles are
multiples of 2�

Mi . Consider the node located at the angle2�j
iM . Let

p and q respectively be the quotient and remainder obtained upon

dividing j by i , i.e., j = pi + q. This node communicates a fraction
B i

A i + B i
of its total load to the collector node, and the remaining to ring

(i � 1). Of these remaining bits, fractionsqi � 1 and i � 1� q
i � 1 respectively

are transmitted to nodes( p( i � 1)+ q� 1)2 �
M ( i � 1) and ( p( i � 1)+ q)2 �

M ( i � 1) of the i �
1th ring.

This ensures that for eachi � 2, each node in the(i � 1)th ring
receives a total of i

i � 1 B i bits from ring i . To see this, suppose that
each node in thei th ring sends the same number of bits to the(i � 1)th

ring. In the (i � 1)th ring, node ( p0( i � 1)+ q0)2 �
M ( i � 1) receives a fraction

q0+1
i � 1 from node ( p0i + q0+1)2 �

Mi in ring i , and a fractioni � 1� q0

i � 1 from

node ( p0i + q0)2 �
Mi in ring i , for a total of i

i � 1 times the number of bits
sent by each node in ringi to ring i � 1. Backwards induction from
the outermost node, together with the �ow conservation constraints,
complete the proof.

What is the normalized cost incurred by each node? The distance
between each node in thei th ring and the collector node isiR .
However, the distance between each such node and the node(s)it
transmits to in the(i � 1)th ring is greater thanR. Let the largest
such distance for any ring beKR . In that case, each node in thei th

ring incurs a normalized cost that is less thanK times the normalized
cost incurred by thei th super-node under the optimal scheme derived
above (because total load and energy are scaled by the same factor
Mi ).

The factorK can be bounded as follows. Consider Figure 4. Note
that the angle� = 2�

Mi , jaf j = iR , andjfc j = R. The two nodes in
the i th ring nearest to nodej must both be within the arcefd . Thus,
the maximum distance betweenj and any of these nodes is no more
than jcdj. We then have,

jcdj2 = jbcj2 + jbdj2

= ( iR (1 � cos� ) + R)2 + ( iR sin � )2 ;

= R2(1 + 2 i (i + 1)(1 � cos� )) ;

= R2(1 + 2 i (i + 1)2 sin 2(�= 2);

� R2(1 + 2 i (i + 1)2(
�

Mi
)2 ;

� R2(1 + 8(
�
M

)2):

Thus,

K �
f (R

p
1 + 8( �

M )2)

f (R)
: (28)

The results of this section are summarized in the following
theorem.

Theorem 3:Consider the regular planar network of Figure 3. Its
optimal functional lifetime is upper-bounded by the right hand side
of (24). If the initial energies and information quantitiesin the planar
network further satisfy conditions (25) and (26), then there exists a
routing strategy achieving a functional lifetime of1

K times the right
hand side of (27), whereK is given by (28).
It should be noted that asm ! 1 , the factorK approaches 1,
yielding asymptotic optimality. This indicates that the routing strategy
described above is nearly optimal in large dense networks.

V. SCALING IMPLICATIONS

We now evaluate the simple routing strategy consisting of commu-
nicating only with the nearest neighbor in the direction of the collec-
tor. Because it involves only short hop communication, thisscheme is
an appealing one for operational reasons, such as minimizing medium
access contention. However, from the point of view of lifetime, it is
not clear whether it is a good routing strategy, because it places



a higher load on nodes close to the sink. Thus, it is worthwhile to
compare it with the optimal strategy derived in this paper. Henceforth,
it will be referred to as simply the nearest neighbor strategy.

Consider �rst the linear case. Let� = 2 , 
 = 0 , and f R = 0 .
These are the smallest values within the range we consider, so the
lifetime obtained will be the largest possible. LetE i = E andbi = b
for all i , and let the inter-node distance bed = 1 . Under the nearest
neighbor strategy, the node next to the collector is the the bottleneck,
and it will transmitnb bits. Hence, the functional lifetime under this
scheme is E

bf 1 n .
Now, consider the lifetime corresponding to the optimal strategy.

We have
nY

j = i +1

1 �
f 1

f j
=

nY

j = i +1

(j � 1)( j + 1)
j 2

=
i (n + 1)
(i + 1) n

:

Substituting in (24), we get

1
z�

=
E

bf1

P n
i =1

1
i ( i +1)P n

i =1
i

i +1

=
E

bf1

P n
i =1

�
1
i � 1

i +1

�

P n
i =1

�
1 � 1

i +1

�

�
E

bf1

1
n + 1

1

1 � log n
n

:

Thus, not only is the optimal lifetime of the same order as the
lifetime under the nearest neighbor strategy, but the ratioof the two
converges to 1 as the size of the network goes to1 . Thus, in the
linear case at least, the nearest neighbor strategy is nearly optimal.

A similar calculation can be performed for the regular planar
network of Figure 3. The nearest neighbor strategy in this case
involves each node in thei th ring transmitting to its two nearest
neighbors in the(i � 1)th ring just as in the scheme described in the
last section. The nodes in the �rst ring would then incur the greatest

normalized cost, which would be
Kf ( R )

P N

i =1
ib

E = N ( N +1) bf ( R )
2E .

The functional lifetime associated with this scheme is thusupper
bounded by 2E

KN ( N +1) bf ( R ) . On the other hand, the optimal functional
lifetime can be bounded by substituting
 = 0 and� = 2 in (24), to
get

1
z�

=
E

bf (R)

P N
i =1

1
i +1P N

i =1
i 2

i +1

=
E

bf (R)

P N
i =1

1
i +1P N

i =1 i � 1 + 1
i +1

�
E

bf (R)
2

N (N + 1)
logN

N � 1
N +1 � log N

N ( N +1)

�
2E

bf (R)N (N + 1)
logN:

There is thus alog N factor improvement in this case. Note that for
larger values of� , the ratio between the gap in performance between
the optimal scheme and the nearest neighbor scheme will further
reduce.

Some conclusions follow from these scaling results. First,the
lifetime scales down sharply with the size of the network. This is
not very surprising in itself, but underscores one of the problems
with the “many sensors one collector” network con�guration. This
seems to be one of the major tradeoffs to be made in sensor networks,
since collector nodes, which are essentially gateways to a larger and

more powerful communication infrastructure, are more expensive to
maintain, whereas sensor nodes are cheap. On the other hand,the
number of sensor nodes per collector node is limited by such lifetime
and throughput considerations. One of the motivations for performing
in-network processing is precisely to limit the communication burden
on nodes which are close to the collector.

VI. CONCLUSIONS ANDFUTURE WORK

The main contribution of this paper is to provide sharp bounds,
and in some cases exact solutions, to the functional lifetime problem
for spatially regular networks. Even here, some gaps remain. The
characterization of the optimal solution holds only under certain
conditions on the energies and traf�c requirements of the network.
Nevertheless, we believe that these conclusions hold broadly for large
sensor networks.

Another interesting extension involves considering more general
cost functions. In practice, power levels belong to a discrete set,
and all pairs of nodes may not be connected. Such effects could be
modeled by suitably changing the cost function. The key property
of the cost function that underlies all our results is the inequality in
Lemma 4. It would be worth investigating if a similar result holds
for more general functions.

One major limitation of our model is that we treat information as
incompressible, whereasin-network processing[8] and compression
of correlated sources might substantially reduce the relaying burden.
Indeed, our results suggest the need for such techniques to increase
lifetime.
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APPENDIX

Lemma 3:For any1 � k < j ,

1 �
f j � k

f j
�

Q j
i = k +1 1 � f 1

f iQ j � 1
i = k +1 1 + f R

f i

;

wheref i := ( id) � e
 ( id ) , with � � 2 and 
 � 0.
Proof. We prove this for �xedk, by induction onj . For j = k + 1 ,
the LHS and the RHS are the same, so the inequality is true with
equality. Suppose it is true for somej > k . From the induction
hypothesis,

Q j +1
i = k +1 1 � f 1

f iQ j
i = k +1 1 + f R

f i

�

�
1 �

f j � k

f j

�  
1 � f 1

f j +1

1 + f R
f j

!

:

It is thus enough to prove that
�

1 �
f j � k

f j

�  
1 � f 1

f j +1

1 + f R
f j

!

�

�
1 �

f j +1 � k

f j +1

�
:

Cross multiplying and rearranging terms, this is equivalent to proving
that

f j � k f 1 � f 1 f j + f j f j +1 � k � f j +1 f j � k + f R (f j +1 � f j � k +1 ): (29)

Let a := k; b := j � k; c := 1 . Adding and subtractingf j +1 � k f j � k ,
and canceling out the common factord2� (recall thatf i = f (id)),
this is equivalent to proving that

((a + b) � e
 ( a+ b) � b� e
b )(( b+ c) � e
 ( b+ c) � c� e
c ) �

(( a + b+ c) � e
 ( a+ b+ c) � (b+ c) � e
 ( b+ c) )( b� e
b + f 0
R );

where f 0
R := f R

E t d � . This in turn is proved in Lemma 4, which
follows.

Lemma 4:Given any real numbersa � 0, b � c � 1, � � 2,

 � 0, K � 1 � (1=2)� � 1 ,

(( a + b) � e
 ( a+ b) � b� e
b )(( b+ c) � e
 ( b+ c) � (c) � e
 ( c) ) �

(( a + b+ c) � e
 ( a+ b+ c) � (b+ c) � e
 ( b+ c) )( b� e
b + K ):

Proof. The common factorse
 ( b+ c) can be cancelled out from both
sides. Denote the left hand side and right hand side of the resulting
inequality, as functions of the variablea, respectively byLHS (a),
andRHS (a).

F (a) := LHS (a) � RHS (a) is a differentiable function ofa,
and F (0) = 0 . It is enough to prove thatdF ( a )

da > 0 for all a > 0.
We have
dLHS (a)

da
= ( 
 (a + b) + � )( a + b) � � 1e
a (( b+ c) � e
b � c� ):

Also,

dRHS (a)
a

= ( 
 (a + b+ c) + � )( a + b+ c) � � 1e
a (b� e
b + K ):

We can cancel out the common factore
a . Letting L (a) :=
e� 
a dRHS ( a)

a , R(a) := e� 
a dLHS ( a)
a , we have

L (a) = ( � + 
 (a + b))( a + b) � � 1b(b+ c) � � 1e
b

+ 
bc(a + b) � � 1(b+ c) � � 1e
b

+( 
a + � )c(a + b) � � 1(b+ c) � � 1e
b

� (� + 
 (a + b))( a + b) � � 1c� ): (30)

Let the four summands in (30) beL 1 ; L 2 ; L 3 ; L 4 . Now,

R(a) = ( 
 (a + b) + � )( a + b+ c) � � 1e
a b� e
b

+ 
c (a + b+ c) � � 1e
a b� e
b

+ K (� + 
 (a + b+ c))( a + b+ c) � � 1 : (31)

Let the three summands in (31) beR1 ; R2 ; R3 . Since(a+ b)(b+ c) >
(a + b+ c)b, we haveL 1 > R 1 and L 2 > R 2 . It remains to prove
that L 3 + L 4 � R3 . Now,

L 3 � (� + 
a )(1 + 
b )c(a + b)(b+ c) � � 1

= ( � + 
a + 
�b + 
 2ab)c(a + b)(b+ c) � � 1

� (� + 
 (a + b+ c)) c(a + b)(b+ c) � � 1 ; (32)

since� � 2 andb � c. Thus,

L 3 + L 4 > (� + 
 (a + b+ c)) c(a + b) � � 1(( b+ c) � � 1 � c� � 1):

Sincec � 1, it remains to prove that

(a + b) � � 1(( b+ c) � � 1 � c� � 1) � K (a + b+ c) � � 1 : (33)

Consider the expressionP(a) := ( a+ b) � � 1 (( b+ c) � � 1 � c� � 1 )
( a+ b+ c) � � 1 . Differ-

entiating with respect toa, we get

dP(a)
da

= ( � � 1)
c(a + b) � � 2(( b+ c) � � 1 � c� � 1)

(a + b+ c) �

� 0: (34)

Therefore, the ratio is minimum ata = 0 . Thus,

P (a) � P (0)

= b� � 1(1 �
c� � 1

(b+ c) � � 1
)

� 1 � (
1
2

) � � 1 � K:

Note: The conditions ona; b; candK for the above inequality to hold
may seem somewhat arbitrary. This is mainly due to the presence of
the constantK . If K = 0 , the inequality has a more symmetric
structure, and is true for anya; b; c � 0, and � > 1. If, further,
the constant
 = 0 , the inequality follows in straightforward fashion
from Jensen's inequality, due to the convexity of the function x �

(but notonly from its convexity; the inequality does not hold for all
convex functions). We are not aware if any form of this inequality is
already known.


