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Abstract | We present theoretical and numerical
evidence showing that optimal channel codes are typ-
ically discrete, and that simple discrete appro xima-
tions may be highly accurate even in the AW GN
channel. Based on these results we construct a cut-
ting plane algorithm to generate discrete distributions
that are optimal within a prescrib ed class.

I. Intr oduction

Since Shannon published his classic paper [17] in 1948,
channel capacity has become a fundamental topic in infor-
mation theory [6]. The i.i.d. additive white Gaussian noise
(AWGN) channel has been the focus of most researd since
that time, becausethis model re ects the behavior of many
communication channels. It is well known that the optimal
input distribution is i.i.d. Gaussianin this special case.

More recertly, there has been a signicant researd e ort
on fading channels, such as found in wireless communication
systems. Early papersrestricted to Gaussian dispersive chan-
nels [15, 8, 14], while more recert papers study a range of
complex fading models with correspondingly complex analy-
sis[3]. A theme in recent work is the discovery of an increasing
list of special casesin which the optimal input distribution is
discrete, with nite support. Examples include,

(i) Amplitude- and variance-constrained Gaussian
channels [?]:

If the input is not only constrained by the average
power but alsolimited by a given peak power con-
straint, the optimal input distribution is shown to
be achieved by a unique discrete random variable
taking on a nite number of values.

(i) Averageand peak-power-limite d quadrature Gaus-
sian channels [16]:

The model of [?] was generalizedto the complex
case,where the capacity achieving distribution is
proved to be discrete in amplitude, having nite
number of mass-points, with an uniformly dis-
tributed phase,that is independent of the ampli-
tude.

(iii) Discrete-time Rayleigh fading channels [1]:

The capacity-achieving distribution is shown to

be discrete with a nite number of mass points,

one of them located at the origin. The exact
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number and location of these mass points vary
signi cantly with SNR. For low SNR, the capac-
ity achieving distribution has only two points of
support.
(iv) Single antenna Rayleigh block fading channelsand
vector Gaussian channels [12]:

It is proved that for a single-artenna block-fading
channel, the capacity achieving random variable
is the product of a discrete real variable and an
isotropically distributed unit vector. If the input
of the vector Gaussian channel is constrained to
be in a given set A R" such that R"nA has
non-zero Lebesguemeasure, then the support of
the capacity achieving random variable must not
be a superset of any open setin R.

(v) Mobile multiple-antenna communication link in a
Rayleigh at fading [10]:

The capacity of Multiple antenna (M transmit-
ters, N receivers) block Rayleigh fading channel
wherethe propagation coe cien t is assumedto be
constant over any T-symbol interval, is achieved
whenthe T M transmitted signal matrix is equal
to the product of two statistically independert
matrices: a T T isotropically distributed uni-
tary matrix times acertain T M random matrix
that is diagonal, real and nonnegative.

It is conjectured in [12] that optimal distributions have
nite support in many other fading models. In Section Il
we provide seweral propositions and examplesto support this
principle. Moreover, we show in examples below that even
for the AWGN channel in which the optimal distribution is
contin uous, there exist very simple discrete distributions that
very nearly achieve capacity.

In conclusion, the AWGN channel is a very special case,in
that optimal distributions rarely possessa density on R.

A second,perhaps more imp ortant issueis computation. It
is far easierto establish qualitativ e properties of the optimal
distribution than to obtain a closed form expression. This
is probably impossiblein all but the simplest models. From
these obsenations we are led to the following question: Given
a channel model, can we nd a simple, discrete distribution
that almost achievesthe optimal mutual information? If so,
then there is no needto exactly optimize. In practice, espe-
cially in wireless communication, the achieved transmission
rate is much lower than theoretical channel capacity. This is
due in part to the very crude modelling assumptions one is



forced to make in view of the tremendous complexity of these
applications.

To obtain discrete approximations to the optimal input
distribution we approximate the concave mutual information
functional by a piecewise linear functional. Optimization of
this approximation may be cast asan in nite-dimensional lin-
ear program, and the optimizer may be taken as a basic feasi-
ble solution, or extreme point in the constraint set. Such ex-
treme points are in fact discrete distributions, and the number
of support points grows at most linearly with the number of
functions used in the approximations. In Section IV we con-
struct an algorithm of this form based on the cutting-plane
algorithm.

The remainder of the paper is organized as follows. In Sec-
tion |1 we review the Kuhn-T ucker theory for channel coding.
In Section |11 we explain why the optimal input distribution is
discrete in many channel models, and in Section IV we presert
theory and numerical results for the cutting-plane algorithm.
Section V contains conclusions and topics of future researd.

Il. Capacity of Memor yless Channels

We consider in this paper a stationary, memoryless chan-
nel with input alphabet X, output alphabet Y, and transition
kernel de ned by

P(Y 2 dyj X = x) = p(dyjx):

We assumethroughout the paper that X is a closed subset of

R, and Y = R. For a given input distribution  on B(X), the
mutual information is given by,
7
dyjx .
()= XY apa: @

p(dy; )

R
where p(dy; )= p(dyjx) (dx).

We assumethat s restricted to a convex set of the fol-
lowing form: Let M . denote the set of positive measureson
B(X),0< 2 1,0<M 1 and

n
M(2;M:X= 2Ms4 :h; 1i=1; h; x% 2
2
We assumethat min( 3;M) < 1 . Under our assumption
that X is closed, it then follows that M ( E;M;X) M. is
compact with respect to the topology of weak convergence.
The capacity of a given channel subject to these constraints
is given by,

C(A:M;X)=supfl(): 2M( 5;M;X)g

SinceM is assumedto be a convex set, and | a concave func-
tional on M , computation of capacity is a convex optimization
problem.

Characterizations of optimal distributions, and sensitivity
formulae are based on the following. For a given probabilit y
distribution on X, the relativ e entropy, or Kullbac k-Leibler dis-

tance between the distributions p(dyjx) and p(dy; ) is given
by z
g(x; )= p(dyjx) In[p(dyjx)=p(dy; )]: ®3)

The mutual information may be expressedin terms of g as

IC)="hy(; ) i

The following result is a mild extension of [1, Theorem 4].

f[ MM {iswiBution

Theorem 11.1 Let 2 M( 2;M;X), and supmse that
h ;x% = 2. Then, is optimal if and only if there ex-
ist real numbers qp 2 R and ¢ 0 such that with q equal to
the quadratic function q(x) = o + ®x?, X 2 R, we have,

ax; ) aex); X2 X;
(4)
ax; ) = aq(x); ae: [ ]
Moreover, if 2 = 1, then necessarily g = 0. t
Consider for example the AWGN Channel with M = 1 ,

and X = R. The channel is given by
Y=X+N N N(@© Z)

In this casethe optimal input distribution is Gaussian, and
the function g(x; ) is indeed a pure quadratic.

Let be a xed elemert of M and a real number in
[0;1]. Forany 2 M, dene ~ = and =@
)+ = + ~, we have the following proposition about

the sensitivities of mutual information with respect to input
distributions.

Prop osition 11.2 The rst and second order sensitivities of
mutual information | with respect to the input distribution
are

d . .
g (i = O ) (5)
i| ( Jj=o = ‘ 7p(dy; wh :
d? ) p(dy; )
Il. Why Are Optimal Distributions Discrete?

Here we provide a seriesof results and examplesto explain
why the optimal distribution is typically discrete. We begin
with the following corollary to Theorem II.1:

Prop osition [11.1 Supposethat g( ; ) is an analytic func-
tion oo R for any 2 M ( 3;M;X). Then, the optimal input
is either continuous, or has nite number of
mass points in any bounded interval. t

For example, it is easily veri ed that the analytic assump-
tion holds for the AWGN, Rayleigh and Rician channels.

We obtain a second corollary in another typical case of
interest:

Prop osition 111.2 Supmsethat 2 = 1, M < 1, and

that the function g( ; ) is analytic and unbounded for any
2 M (1 ;M;X). Then, the optimal input distribution is
discrete, and has a nite number of mass points. t

Again, the assumptions of Proposition 111.2 hold for many
models, including the AWGN channel. Consequerly, in these
models the optimal input distribution has nite support.

An approximately optimal discrete distribution may be con-
structed in certain regimes, such as when the signal to noise
ratio is low. It is shown in [9] that the secondorder sensitiv-
ity of | vanishesfor 2 M ( 3;M;X) as 2 ! 0. In other
words, | may be approximated by a linear functional on M .
Moreover, it may be shown that if | were indeed linear, then
the optimal distribution would be binary. Further analysis
then shows that a binary distribution is approximately opti-
mal when 2 0.



Similar conclusions are drawn in [19, Theorem 3] on the
computation of channel capacity per unit cost. It is showvn
that a binary input is approximately optimal when “bits are
su cien tly inexpensive'. It is shown in [7] that the restric-
tion to binary inputs is essetially optimal for a discrete-time,
point-to-p oint channel with an input alphabet f0;1;:::; K g, in
the broadband limit as SNR goesto zero.

The conclusions of both [19] and [7] may be interpreted
via properties of extreme points in an assaiated in nite-
dimensional linear program.

We postpone further details in this extended summary, and
instead provide two simple examples.

In eadh of the examplesconsideredin this paper the channel
is symmetric. That is,

p(Ajx)=p(f Agj x);

For a symmetric channel, the optimal input distribution can
be taken symmetric without loss of generality.

Consider rst the AWGN channel with S = 10, and
42 = 10. The optimal input distribution, over all binary
distributions, is given by the symmetric distribution 2 =
%( » + ). The mutual information using this input
distribution is approximately |( 2) 0:337, while the ca-
pacity is given by 1( ) = fIn(l+ 3= 3 0:347. In
this case, restricting the input to be binary results in about
3% loss in capacity. Figure 111 shows the function g( ; 2),
and two quadratic approximations. The upper quadratic
g+ shown in the gure is the minimal quadratic satisfying
ax; 2) o (x)forx2[ p; p]. Notethat this inequality
is violated on [ p; p]°. In fact, any quadratic satisfying
this inequality on[ p; p] will violate the inequality on the
complemert of this set. We conclude that 2 is the opti-
mal distribution using the constraint set M ( 3;M;R) with
M = p,but 2isnotoptimal whenM > 5.

x2 R; A2 B(X):

1)

Figure 1: The sensitivity function g using the best binary
distribution for the AWGN channel.
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Figure 2: The sensitivity function g for the optimal dis-
tribution in the Rayleigh channel.

Consider now the real Rayleigh channel, given by Y =
AX + N,with A N(; 2), N N(0; %) (mutually inde-
pendert), and constraint setM ( 3;1 ;R). Wetake 2 = 1,

2 = 10,and 2 = 10. If we optimize over all symmetric

distributions with three points of support, we obtain a single
masspoint at the origin, and two at approximately x = 8:2.
The function g( ; ) is shown in Figure 2, along with a sup-
porting quadratic g. From the gure, it appearsthat satis es
the su cien t conditions for optimalit y given in Theorem 11.1.

IV. Cutting-plane  Algorithms

We now intro duce a cutting-plane algorithm to estimate the
capacity and construct e cien t, discrete input distributions.
This algorithm provides upper and lower bounds on capacity
at ead iteration, and constructs a discrete distribution that
satis es these bounds.

The algorithm is based on the dierential formula (5)
for mutual information. The resulting algorithm constructs
inductiv ely a sequenceof distributions 1; 2;:::; n;:

M ( 3;M;X), all with nite support. At the nth stageof the
algorithm, one de nes the piecewiselinear function given by,

() = min fIC)+ ;i) iig
=, min RO i) 2M.;  (6)

and a new distribution is de ned by
n=argmaxfl,(): 2M( 3;M;X)g: (7)

Equivalently, the nth iteration is the solution to the follow-
ing linear program,

max c
subject to  hg(x; i); | c; 1 i n 1
h: i = 1 (8)
hw?; i EH
2 M .

We note that the linear program (8) is nite-dimensional only
when the cardinality of X is nite.

We let (¢cn; n) denote the optimizer of (8). The algorithm
is initialized with an arbitrary distribution o2 M ( 2;M;X).
Subsequen distributions f ; :i  1g are discrete, as can be
seenfrom [2, Thm. 2.2, 2.5], and the algorithm is always
convergert under our standing assumptions:

Theorem 1V.1 The cutting plane algorithm geneiates a se-
quene of distributions f ,» :n 1g M ( 3;M;X) such
that

(i) n hasat mostn+ 1 points of support for eachn  1;
(ii) n! weakly, asn! 1 ;

@iy 1(na)! 1(C )=C(E:M;X).

(iv) ¢ c et 1( ).

We conclude with sewral numerical examples for the
AWGN, Rayleigh and Rician channels.

Tofacilitate computation wetake X nite , sothat the linear
program (8) is nite dimensional. Wetake & = 10, 2 = 10
and M = 1 throughout, and

X:=1f 10; 9;:::;9;10g:

In each example considered, the mutual information 1( ),
and the upper bound c, convergerapidly to a common value.



The convergenceis slower for the AWGN channel than the
other models in which the optimal distribution is most likely
discrete even when the input-alphab et is contin uous. It is also
shown in each example that the convergenceof input distri-
bution is much slower than the convergenceof mutual infor-
mation, this suggeststhat the directional derivativ e of mutual
information may be extremely small in certain directions.

Note that the distribution 40 2 M ( é;M;X) shown in
Figure 3 hasonly v e points of support. Nevertheless, it al-
most attains the capacity C(10;1 ;R) for the AWGN channel
with unrestricted input-alphab et.
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Figure 3: AWGN Channel : Y = X + N, with N
N(0; Z). Convergenceof the cutting-plane algorithm

with constraint setM (10;10;X), and 2 = 10.
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Figure 4: Convergenceof input distributions for AWGN
channel.

V. Conclusions

We have shown in this paper through theory and numeri-
cal results that in many instances it is possible to construct
a simple, discrete distribution that performs nearly optimally
in channel coding. Motiv ated by these ndings, we have con-
structed a cutting plane algorithm to compute e ectiv e dis-
crete distributions.

There are numerous issuesleft unresolved. Our immediate
future work concernsextensionsof the cutting plane algorithm
to the in nite-dimensional setting. Our main goal is to obtain
an algorithm that computesa desirable input alphabet X with-
out using discretization. Someinitial results basedon steepest
ascer look promising.

°
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Figure 5. Rayleigh Channel : Y = AX + N, A
N(; 2),N N(O; 2),AandN areindependern. Con-
vergenceof the cutting-plane algorithm with constraint
setM (10;10;X), and 3 = 10, % =
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Figure 6: Convergenceof input distributions for Rayleigh
channel.

Recert results concerning in nite-dimensional linear pro-
gram in a related setting are described in [13]. A synthesis of
these ideas may lead to new algorithms, and further insight.
The duality of linear programming may throws somelight on
the capacity problem (see[5] for another duality problem in
information theory).

Extensions of the cutting plane algorithm described here
to complex channels (e.g. Rayleigh and Rician channels);
multiple-access models; and even source coding are straight-
forward. We are currently investigating the properties of the
algorithm in ead special case. It would be interesting to see
how the discrete distributions change with SNR and compare
the results with those in [4].

Finally, with a deeper understanding of the sensitivity of
mutual information with respect to various parameters we ex-
pect to achieve a deeper understanding of the impact of ca-
pacity on channel uncertainty, and channel variation. Such
insights may also lead to re nements of the algorithm con-
sidered here. Bounding techniques such as those employed in
[11] will likely prove useful in this analysis.
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