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e Willems presents a general theory of dissipative dynamical
systems 2]

e Uses a state space model

e Define dissipation inequality in terms of a storage function and
a supply function

e Considers interconnected systems
e Four example systems

e Summary
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Introduction

e Dissipative systems are common in engineering and physics

e Dissipation hypothesis implies a constraint on the dynamic
behavior

e Interest in dissipative systems comes from implications to
stability of control systems. Recall:

— feedback system with passive dynamical systems in forward
and feedback loops is passive and stable

— sum of stored energies in forward loop and feedback loop is
a Lyapunov function for closed-loop system

— existence of stored energy function is equivalent to passivity
assumption

— computing the stored energy function is difficult since it is
not unique

e We seek a general theory for dissipative systems
e The term dissipative is a generalization of passivity

e The term storage function is a generalization of stored energy or
entropy

e Storage function is not uniquely defined by input-output
behavior

— satisfies an a prior: inequality: bounded below by available
storage and above by the required supply

— there is a continuum of possible storage functions between
upper and lower bounds
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Introduction

e Several methods to reduce number of possible storage functions:

— consider system as an interconnection of dissipative
subsystems

— assume other qualitative internal properties for the system
e Use state space approach for systems with memory

e Constrain the constitutive relations of any internal function to
take on the same value for equivalent histories (different paths
to the same state do not matter)
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Dynamical Systems

e Dynamical system is an abstract mathematical object mapping
inputs to outputs via state variables summarizing past inputs

e Consider stationary (time-invariant) continuous systems

e Definition 1 Defines continuous stationary dynamical sys-
tem X in terms of inputs, outputs, states, state transition
function and read-out function.

e The state transition function is ¢(t1, to, zo, u) and satisfies prop-
erties: consistency, determinism, semi-group and stationarity

— determinism axiom is critical

— state captures all relevant past events without regard to the
specific history and system is causal

e The read-out functionisr : X xU =Y

— must be memoryless

— output depends on only present values of state and input
e State transitions and outputs defined in forward time

e Definition 1 is precise and general: includes common determinis-
tic models used in classical physics, circuit theory, control theory

e Given an input-output map, the state space realization is not
unique: we may want to find a minimal or natural representation

e We will assume the appropriate state space realization is given

e Appears author has to justify state space description and
approach
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Dissipative Dynamical Systems

e Notation: triangular sector
]R; = {(tQ,tl) cE Ry = R | to > tl}

e Assume dynamical system X is given along with supply rate w,
a real-valued function defined on U x Y

e Assume for (t1,t9) € ®j, u € U and y € Y, the function
w(t) = w(u(t), y(t)) satisfies:

w(t)] ¢

i.e., w is locally integrable.

e Definition dynamacal system Y it supply rate w s

said to e dissipati e if t ere e ists a nonne ati e function

. X — R, called t e stora e function, suc t at for all
(t1,t0) ERy, zg € X, and u € U,

(0) w(t) = (21) (1)
ere x1 = ¢(t1,tg, xo,u) and w(t) = wu(t), y(t)) it
y = y(to, To, u)-
e Inequality (1)isthe i i tion ine it

e ur approach is based on knowledge of the physical system, the
fact that is is dissipative and that the storage function exists

e We want to know how the storage function is defined by the
dissipative inequality
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Dissipative Dynamical Systems

e Definition e a aila le stora e, , of a dynamical sys-
tem X it supply rate w is t e function from X into R

defined vy

() = sup 0 w(t) t

ere notation r — denotes t e supremum o er all motions
startin in state x at time and  ere t e supremum 1S
ta eno eralluelU.

e Available storage is an essential function in determining if a
system is dissipative

° eoe 1 e a aia le stora e, , is finite for all x €
X if and only if 2 is dissipati e.  oreo er,
for dissipati e dynamical systems and  is itself a possi le
stora e function.

(010

— Assume and show X is dissipative:

Suffices to show  is a possible storage function
Notice > since (x) is supremum over a set
containing zero

Consider:

(o) w(t)

need to show quantity is not less than  (x;) whenever
w is evaluated along a trajectory from input u from z( at
t() to I at tl
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Dissipative Dynamical Systems

To extract available storage from Y. in state z, we could
use u to transfer X to z; and extract available storage
from Y in state z;

rocess is suboptimal way to get storage in x
Formalize to get

(o) wt) t = (z1)

— Assume Y. is dissipative and show

(@)  w(t) t > (2) >
@) 2 sp w) t o= ()

e Theorem 1 gives a method to check if a system is dissipative
without knowledge of the storage functions: it is an input-output
test

e Theorem 1 shows  may be the storage function, but usually it
is not

e If available storage is the actual storage function, then all of the
system s internal storage is available to the outside world
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Dissipative Dynamical Systems

e Definition e state space of t e dynamical system X s
said to e reac_a le from x 1 if for any x € X t ere e ists
at and u € U suc t atx = ¢( ,t 1, 1,u). tis
said to e controlla le to x1 if for any x € X, t ere e ists a
t1> andau €U suc t atxy=¢(ty, ,x,u).

e Theorem 1 emphasizes what happens when system starts in a
given state. Now examine what happens when system ends in a
particular state.

e Start the system in a given state and bring it to the present state
in the most efficient manner by using no more external supply
than necessary

e We could use any point in the state space as the starting point,
but it is logical to assume system starts in a state of minimum
storage

° tion Assume there exists a point x € X such that
(x ) = min (x) and the storage function  has been
normalized to (z ) =

e Definition e re uired supply, , of a dissipati e
dynamacal system X it supply rate w s t e function from
X wnto R defined vy

(z) = inf w(t) t

ere t e notation inf denotes t e infimum o er all
0

u€eU andt 4 suc t atx=¢( ,t 1,z ,u).
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Dissipative Dynamical Systems

ssume t at t e state space of X is reac a le from x 1.
e X 1s dissipatt e if and only if t ere e ists a constant
suc t at

0
inf w(t) t> forallz € X
0

oreo er,

(x 1)  inf w(t) t

1s a posst le stora e function.

et 2. e a dissipatt e dynamaical system and assume t at
(x) = . en (r)= and
oreo er, if t e state space X 1s reac a le from x t en
and t e re uired supply is a posst le stora e
function.

° (010

1. Uses a dynamic programming style argument.

2. Uses definition of  and dissipation inequality.
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Dissipative Dynamical Systems

e Normalization (x )= implies any motion starting in « at ¢
satisfles ~ w(t) t > forallu € U and t; > .
— the net supply ow is into the system
— idea has been proposed as the definition of passivity
— input-output notion does not require state space approach

— must know the state of minimal internal storage

(@)

e A storage function of a dissipative dynamical system satisfies the
a priort inequality

e A dissipative system can supply to the outside not more than
what it has stored and can store not more than what has been
supplied to it.

e Available storage always satisfies the dissipation inequality.

e Required supply satisfies dissipation inequality for systems with
state space which is reachable from a point of minimum storage.

e Not every function bounded by the a prior: inequality will be a
possible storage function.

e [t is difficult to state other general properties of the set of possible
storage functions.
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Dissipative Dynamical Systems

° €o e e set of posst le stora e functions of a
dissipatt e dynamical system forms a con e set. ence
S 1, is a possi le stora e function for
a dissipatt e dynamaical system  ose state space is reac a le
from x .

e o0 Follows from dissipation inequality.

e Ultimate test for a theory of dissipative systems is whether or not
there exists a physical system which realizes the input-output
process and has the desired storage function

e Remarks on evaluating available storage and required supply:

1. If minimum storage state x is an equilibrium point with
constant input v € U, and if w(u ,y ) = , then

() = lim inf : w(t) t

2. If for all x € X there exists a u € U such that w(u, y) ,
(i.e., the supply ows out of the system) then

(z) = lim sup w(t) t
0
. Concept of required supply assumes that there exists a point
r € X such that (z )= min (). There need not
be a point of minimum storage. ne may define (z) by
considering the limit of a sequence of states {z }.
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Dissipative Dynamical Systems

e Definition dissipatt e dynamical system > it supply
rate w and stora e function is said to e lossless if for all
(t1,t0) €ERy, 20 € X andu € U

(o) w(t) t=(z1)

ere £1 = P(t1,to, To, u).

° €o e et X e alossless dissipati e dynamical system
and assume t at (x ) = . ft e state space is reac a le
from x and controlla le to x , t en = and t us t e

stora e function is unt ue and 1t en vy
0

()= w() t
for any t 4 and u € U suc t atx=¢( ,t 1,2 ,u) or
(x) = w(t) t
0

for any t; andu € U suc t atx = ¢(t1, ,x,u).
e 00 Follows from dissipation inequality.

e The condition = = implies uniqueness of the storage func-
tion, but is not sufficient to imply losslessness
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Dissipative Dynamical Systems

e roperties of dissipative dynamical systems:

1. For systems with x(ty) = « :

w(t) (t) t>

for all bounded functions with (¢) > and (¢)

2. For lossless dynamical systems with z(¢p) =  and
¢(t1,t0,$ ,’LL) =€

w(t) () t>

for all bounded functions with ()

e Definition real- alued function : X XU — R s said

to et e dissipation rate of a dissipati e dynamaical system X

it supply rate w and stora e function if for all (t1,ty) €
Ry, 20 € X andu € U

(o) w(t) @) t= (1)

ere x1 = ¢(tq, tg, To, u).

e being nonnegative implies dissipativeness.
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Dissipative Dynamical Systems

e System X is lossless w.r.t. supply rate (w ), so dissipation
rate uniquely determines storage function  provided reachabil-
ity and controllability conditions are satisfied.

e The set of dissipation rate functions for a given dissipative system
forms a convex set.

o If (&(t, ,z,u)) is differentiable at ¢ = for all z € X and
u € U, then the dissipation inequality is equivalent to

(@,u)  w(r(z, u),u)
Then dissipation function is given by

= w
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Interconnected Systems

e Found a prior: bounds on storage function of a dissipative
system

e ounds define possible storage functions

e Storage function is uniquely determined if required supply equals
available storage

e There are usually many possible storage functions

e Additional structure from physical aspects of the system should
reduce the number of possible storage functions or make it unique

e iewing systems as an interconnection of dissipative systems can
greatly reduce the number of possible storage functions

e Idea is relatively simple, but difficult to formalize

e Start with a collection of systems {¥ } where € and s
a finite set

e Define interconnecting function and interconnection constraint
and develop conditions for a well-posed problem

e Assume each system > has external supply rate w and

interconnecting supply rate w

e Definition onsider t e dynamical system Y. it inter-
connectin supply rates w . en t e interconnection de-
fined yt einterconnection constraint ( (u Xy )) =
1s satd to e meutral iof all w and y satisfyin t is e uality
yield w (u ,y )=

e An interconnection system is neutral if interconnecting system
is lossless w.r.t. supply rate w
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Interconnected Systems

e Interconnection does not introduce new supply or dissipation
e verall dissipativeness depends on individual subsystems

° €eo e et , € e a collection of dissipati e dy-
namical systems it supply ratesw =w w and stora e
function . et e a neutral interconnection constraint.

en t e interconnected system X = > 18 itself
dissipatt e .r.t. supply rate w and = 18
a stora e function for 2.

e 00 Sum both sides of the inequality

(z (t0)) w ) w(t) t= (z(t))

over € and apply assumption w (t) = to get dissi-
pation inequality for ..

e Interconnections introduce additional constraints on inputs to
give inequality:

so we obtain a unique additive storage function for the intercon-
nection system if and only if = for each €

e Leads to a unique storage function whenever it is possible to
regard . as an interconnection of lossless systems with memory
and a dissipative system without memory. The lossless part has
a unique storage function.
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Sta ility

e xamine stability of dissipative systems

e nly need some technical conditions for dissipativeness to
imply stability of an equilibrium at a local minimum of a storage
function

° tion
1. System is isolated i.e., input space consists of one element

only and assume u(t) = u .

2. x € X is an equilibrium point, i.e., ¢(¢,t9,x ,u ) =z for
all ¢ Z t().

. X is a subset of a normed space and denotes its norm.
. ¢(t, to, o, u ) is continuous in ¢ for ¢ > .

cw(uw ,r(z,u ) for all z € X in a neighborhood of x .

e Definition e e wilt mum point x of X is said to e
sta le if i en t ere e istsa () suc t at
Ty T implies t at  ¢(t,to, xo,u ) =« for all
> 1.
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Sta ility

e Definition 1 real- alued function  defined ont e state
space X of X2 1s said to e a wyapuno functionint e nei -
or ood of t e e uili rium point x if

18 continuous at x .

attains a stron local minimum at x , i.e., t ere e ists
a continuous function : RT — R it () for
suc tat (z) (z)> (z z )foralzxeX

i anet or ood of T .

1s monotone nonincreasin alon solutionsint enei -
or ood of x , i.e., t e real- alued function

(@(t,to, xo,u )) is monotone nonincreasin att =ty for
all o tn a net  or ood of x .

° €o e n e wili rium point x € X of a dissipati e
dynamacal system X is sta le if t e stora e function  1is
continuous and attains a stron local minimum atx .  ore-
o er, 1sa yapuno functionint enet or ood of x .

e 00 Follows by using the dissipation inequality to show
(o(t,to, xo,u )) is monotone nonincreasing at t = ¢ if
xo x is sufficiently small.
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Sta ility

e xtensions to Theorem

1. Local minima of the storage function define stable equilibria
and vice versa

2. Under appropriate additional hypotheses, one may conclude
that all trajectories approach the point of minimum storage

. Local maxima of storage functions define unstable equilibria
if all trajectories in a neighborhood involve some dissipation

Afw(u ,y) = forall y € Y, and if the system is lossless,
then local minima and maxima, of the storage function define
stable equilibria
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onstationary Dynamical Systems

e Above theory and results are based on hypothesis that system is
stationary in two ways:
1. system X is stationary
2. storage function  does not depend on time

e odifications to the theory allow it to include time-varying
systems.

e Generalize Definition 1 to time-varying systems and add
subscript ¢ to mark time.

e A time-varying system with supply rate at time ¢ of w : U X
Y — R is said to be dissipative if there exists a nonnegative
function  : X — RT called the storage function such that

(0) w(t) t= (1)

e The available storage is defined by

(x) = sup w(t) t

e Assume z € X minimizes (z)overz € X and (z )=
The required supply becomes
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onstationary Dynamical Systems

e Results of Theorems 1 and 2 follow with the required notational
changes

e The available storage and required supply bound the storage
functions and are possible storage functions.
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pplications

1. Systems with a finite number of degrees of freedom

e System:
r= (z,u), y= (x,u)
with supply function w = w,y = u y with € R and
u, Yy ER .
e . are Lipschitz continuous, so we have a unique solution

for any z(tg) € ® and locally square integrable wu(t).
e roblems:

(a) Find conditions on , to make the system dissipative
w.r.t. supply function

(b) Discover possible storage functions, i.e., find functions
R — R satisfying:

— W= @ W ey = (@

e Theorem 1 implies for dissipativeness, we need
inf u, (zr,u) t
0
subject to x = (x,u), x( ) = xo, to be finite for all zy € ®

e In general, we cannot find necessary and sufficient conditions
on and for the system to be dissipative.

e We can solve the problem for some special cases:

— considers three cases

— illustrates how the interconnection approach simplifies the
problem
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pplications

2. Feedback systems
e Consider systems >; and >y and assume Uy = Uy = Y] = Y5
are inner product spaces.
e >, and Xy are interconnected with constraints us = y; and
Uy = Y.
e Supply rates: wy(u1,y;) for X1 and wo(us, yo) for 3.
e Use dissipation to study stability

o Ifwi(u,y) wo(y, wu)= foralluandy,then the feedback
system is an interconnected system with neutral interconnec-
tion constraint us = y1, U1 =  ¥o.

e To prove stability, it is sufficient to show >J; is dissipative
w.r.t. w; and X is dissipative w.r.t. ws.

e ossible supply rates:
— Small loop gain theorem:

2 2 2 2
w1 = UwU 0, W2 = U2 Y2

— ositive operator theorem:
w; = U1, Y1 , W2 = U2, Y2

— Conic operator theorem:

wy = U Y1, U1 Y1,
1 1
Wy = Uz —Y2,u2 Y2
e xample system: ¥ : x = x ( z), with z € R,

'R —R ,andlet ()=

Gregory J. Toussaint 23 30 Jun 99



pplications

e Use theory of dissipative systems to develop opov
criterion [1, p. 1 ]

e iew system as feedback interconnection of two systems:

Yl T = T1 ur Y1 = I T U1
Yo i xg= Ty Uy Y= (T2
with u1 = ¥, us =y and €ER

e Constraint defines a neutral interconnection w.r.t. w; and
wy, if 21(t) = x(t) and x5(t) = x(t) with matching initial
conditions.

e Conditions for stability:

(a) { , , }is a minimal realization for

()=« )

(b) ( ) () is a positive real function of

(c) is the gradient of a nonnegative function, i.e.,

()__ O)

for all € R , and the path integral

() =

forall €er .
(d) () > forall €r

e The above conditions make X7 and X, dissipative systems
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pplications

lectrical networks

e Use basic circuit analysis and interconnection approach to
describe a dissipative system

e nowledge of the physical system leads to a simple descrip-
tion of the storage function

. Thermodynamics

e Applies approach to analyze a thermodynamic system

e alance conservation of energy and storage of entropy
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Summary

e utline a general theory of dissipative dynamical systems using
a state space model

e Definition of a dissipative system requires a storage function and
satisfies an inequality involving the supply rate

e In many applications, we know storage function exists, but it is
difficult to determine it

e Storage function is not unique

e Storage function is bounded from below by available storage and
above by required supply

— Available storage is amount of internal storage which may
be recovered from the system

— Required supply is the amount of supply to transfer the
system from a state of minimum storage to a given state

— Available storage and required supply are both possible stor-

age functions and may be found through variational problems

e Applied ideas to interconnected systems and saw cases where
sum of storage functions for individual systems was a possible
storage function for the whole system

e Described stability as state for which storage function attains a
local minimum and the storage function is a suitable Lyapunov
function

e Considered four example systems

e art Il examines linear systems with quadratic supply rates | ]
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