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Introduction

e Consider a scalar sequence y(t) that obeys
y(t) = ¢1 ()0 +v(t), t=0,1,..

where 8 € R™ is an unknown parameter vector,
o(t) € R™ is the regressors vector, v(t) € R is an
unknown disturbance.

e Objective: Estimate the unperturbed output
2(t) = o1 ()0

using the measurements y(7), 0 <1 <t.

e If a probabilistic description of v(t) is available, we
can use mean-square estimation.

e Alternative H*® filtering: Find a causal filter with
input y and output z such that J(5) < 0, where

T-1
J@ =Y [(z() = 2(1)? = 72v(i)?| = 7710 — O[>,

1=0 0

o is an initial guess for 6, and PO_1 > 0.
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H® — A-posteriori Filtering

Consider the following system:

Axy, + Bwy, ke [0,N — 1]
szk' + ng, k€ [07 N]

Thk+1
Yk

with

= 2 2 2 = 112
T =101 ze =212 = llwell2 = [Inkll2 = [lwo = 2ol -1

Objective: Find an estimate z; for x; based on
{y;, 1 <i<k} such that J <O0.

Theorem 2. (I. Yaesh and U. Shaked)

An estimate z; which achieves J < 0 exists iff
there exists a solution >, > 0O to:

Sii1 = M4 +C3C—C{Cy, To=Rg

My, = Az A" 4+ BBY

If such a >, > 0 exists, then one filter is given by:

Tr41 Az + K(yg41 — CoAZ1 1), Zg
K = My41C3(I+ CoMy41C3) ™
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Solution of the Parameter Estimation Problem

e Make the correspondence

et_l_]_ et, A:I, B:O
yr = d10+v, Co=¢f, D=1

to obtain the solution as:

0 = O;_1+ K[y — o1 0i_1], 2= o1 6,

Proy
K 1
T 14 6T Py (D)
P = [P+ 66T (1 —1/39)], Py >0

provided that P; > O.

W N

. If ¥ > 1, then always P > 0.

¥y =1, and Py = ul = (NLMS) estimator.

If the regressors sequence {¢;} is exciting, i.e.,

T-1 -
lim O =
T— o0 ’LZ:O ¢Z ¢Z >
then v = 1 is the minimum achievable d.a.l.

with T = oo; see (Hassibi et al. 1996a).

The simplistic estimator z; = y; also achieves
~ = 1, but it has the worst H, performance
among all the estimators yielding J(1) < 0.
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Robustness w.r.t. parameter drift and meas. noise

e Introduce the following dynamical model

011 = Or+ wy
yr = &1 01+ vt
2 = B0
and the performance index
T—1 12
Jo(@) = Y |(zi—2)?% - ’72|w§| — 507
i=0

3216 — 9Ao|20—1, qg > 0.

e Objective: Find the conditions ensuring that the
filters of the form (1) achieves Joo(¥) < 0 when
1. (NLMS) : P,=ul, u>0, Vt > 0.

2. Central H*® filter . P; satisfies
_ —1
Pip1= Pt 4+ dutf (1-1/97)] +4l.
3. Kalman filter . P; satisfies

P11 = [Pt_l + qbt(bﬂ

1
+ ql.

e Note that v and ¢ are design parameters and when
~v =~ and q = q, filters are said to be tuned.
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Robustness w.r.t. parameter drift and meas. noise

e Theorem 1: Filter (1) achieves Joo(7¥) < 0, iff
there exists a solution Iy > 0O to:

Siprpi SE
Ot

My, = AMAY +qI + KK + (2)
Ay I — Kif, Sp = AT A} + K Ki
5 = 32— ¢f Sidr, Mo = Py

such that é; > 0, Vt € [0,T — 1].

e Proof: Let x; = 0; — gt—l' et = zt — z¢ and dy =
[wi vf1f. Then, it follows that
i1 = Apxp+ [ — Ki]dy (3)
et = ¢f Ayry+ [0 — ¢ Kyldy.
Now, invoke the following lemma.

e Lemma (I. Yaesh and U. Shaked): Consider

Tp41 = Az + Bwy, yp = Cxp + Dwy,.

Then, J = |ly|13 — [lwglI5 — llzol|2_, < O iff there

0
exist a solution M; > 0 to

Myy1 = AM AT + BBT + [AM,cT + BDT]
I — cMm.ct — DD M AT + DB']
with Mg = Rg' so that I — cM;,cT — DDT > 0.
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Robusthess of NLMS w.r.t. w; and vy

Theorem 2: For any given v > 0 and u > 0O, there
exists a sufficiently large T and a persistently ex-
citing sequence {¢;} such that NLMS does not
guarantee J(7) < 0.

Proof. The condition §; > O becomes:
i Midr < 77(1 + ey 1) — (uey $1)°.
Let 72 := [(u/q)(47% — 1)T] and

Since Mz, 5 > ngl, we have

2 =2

= (14 mlopaD? - 1l érral?

which violates 6; > O.

ng
L
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Robustness of Central H*® filter w.r.t. w; and vy

o If v =~ and g = q, then I1; coincides with P and
d¢ > 0 condition reduces to

Pl gl (1-1/3%) >0, vte[0,T—1] (4)

which is always satisfied for v > 1.

e Theorem 3. For any v > 1 and T > 0, the tuned
H®®° filter guarantees Joo(7) <0

e [T heorem 4. For any v < 1 and any seguence with
T-1
lim Y i) ¢; = oo,

T — o0 i—=0

3 a sufficiently large interval [0,T—1] such that the
tuned H®® filter does not guarantee J(¥) < 0.

e Proof. As long as P, > 0, (4) is equivalent to

of Proe < 7°/(1 —7°).
Since 5 < 1, ¢f Pips > qtp! ¢¢. From e—excitation,
3 a large t such that ¢%¢g> 52/(qt(1 —52)). This
implies ¢f Pi¢py > 72/(1 —~2), a contradiction.
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Robustness of Central H*® filter w.r.t. w; and vy

e [heorem 3 and 4 implies the minimum achievable
da.l. ¥y =1 when T = c0o. When v =1 P =
Py + qtI and the tuned H*®° filter becomes

5, = #1901+ (97 Pode + @t $)ye

1+ ¢f Pogr + qtof ¢
which asymptotically approaches to the simplistic
estimator whenever ¢; 7 0 and lim;_, o to} ¢ = oo.

e When ¢; is uniformly persistently exciting, i.e.,

-
ol < Y ¢ip; <pBI

i=k
for some «, 3, [, Yk > 0, then the central H*®
filter with v > 1 is exponentially stable. This im-
plies parameter convergence (exponentially) when
we, vy € Lo.
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Robustness of Kalman filter w.r.t. w; and v

e Theorem 6. Assume ¢; is uniformly persistently
exciting and consider the Kalman filter withg > 0.
T hen:

1. P is bounded.

2. The closed-loop filter matrix T — K¢} is expo-
nentially stable.

3. The filter ensures a finite d.a.l.

e Theorem 7. If ¢ > g, then Kalman filter guarantees
Jo(2) <0, for any T > 0.

e Proof. The tuned case ¢ = q is proven in (Hassibi
96). If ¢ > g, then JL.(7) > JL (7).

e Kalman filter has better robustness properties than
NLMS. And, Hs—filter is better than Kalman fil-
ter only for v < 2.
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Towards mixed H2/H®> design

e HZ design: Consider the error system (3), and find
a filter gain K such that J is minimized, where wy
and vy are independent white noises with variances
ql and 1, and

Jo = -F
2T T

T—1
Y 2|
i=0
J> can be written as:
V'S 70, 5T T
Jo = T > o [AiPL A} + K K| ¢y
i=0

where P, satisfies:

Py 1= AP AL + I + KiK', Py = Py

Jo is minimized by the tuned Kalman filter.

e [ he mixed H2/HOO problem is to find a filter such
that J» is minimized while keeping J-(7) < 0, for
some fixed v > 0.

e The time-invariant infinite horizon H2/H> prob-
lem is studied in (Halder et al 96) and (Sznaier
et al 96). The parameter estimation problem is
more complicated because ¢; is time-varying.
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An auxiliary problem

e Note that for any filter K; with Jo(%) < 0, we
have

1 I=1 ~ _
=_3 &1 [Pyq — qlée < Jo
1=0
where
-1t g
Jp 1= T > ¢ (Mg — qlley.
1=0

e Theorem 8: Among all filters guaranteeing J(7) <
O for a given 5 > 0, the tuned H®° filter minimizes
J>. Moreover, Jo is non-increasing with 7.

e Proof. (2) can be written as:

N _o1—1
Mypr—al = |S;+ — ¢t¢?/72] :

Sy = [N+ ¢df 171 4+ Ni[1 4 o My ] N

ey
1+ ¢f Ny

N; = K

N; = 0 minimizes J>. The second part follows
from the monotonicity of Iy as a function of ~.
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