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Introduction

� Consider a scalar sequence y(t) that obeys

y(t) = �T (t)�+ v(t); t = 0;1; :::

where � 2 Rn is an unknown parameter vector,

�(t) 2 Rn is the regressors vector, v(t) 2 R is an

unknown disturbance.

� Objective: Estimate the unperturbed output

z(t) = �T (t)�

using the measurements y(i), 0 � i � t.

� If a probabilistic description of v(t) is available, we

can use mean-square estimation.

� Alternative H1 �ltering: Find a causal �lter with

input y and output ẑ such that J(�
) � 0, where

J(�
) =
T�1X
i=0

h
(z(i)� ẑ(i))2 � �
2v(i)2

i
��
2j�� �̂0j

2

P�1
0

�̂0 is an initial guess for �, and P�10 > 0.
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H1� A-posteriori Filtering

� Consider the following system:

xk+1 = Axk +Bwk; k 2 [0; N � 1]

yk = C2xk + nk; k 2 [0; N ]

with

J = jjC1(xk� x̂k)jj
2
2�jjwkjj

2
2�jjnkjj

2
2�jjx0� x̂0jj

2

R�1
0

:

� Objective: Find an estimate x̂k for xk based on

fyi; 1 � i � kg such that J < 0.

� Theorem 2. (I. Yaesh and U. Shaked)

An estimate x̂k which achieves J < 0 exists i�

there exists a solution �k > 0 to:

��1
k+1

= M�1
k+1

+ CT
2C2 � CT

1C1; �0 = R0

Mk+1 = A�kA
T +BBT

If such a �k > 0 exists, then one �lter is given by:

x̂k+1 = Ax̂k +K(yk+1 � C2Ax̂k+1); x̂0

K = Mk+1C
T
2 (I + C2Mk+1C

T
2 )
�1:
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Solution of the Parameter Estimation Problem

� Make the correspondence

�t+1 = �t; A= I; B = 0

yt = �Tt �+ vt; C2 = �Tt ; D = 1

to obtain the solution as:

�̂t = �̂t�1+Kt[yt � �Tt �̂t�1]; ẑt = �Tt �̂t

Kt =
Pt�t

1+ �Tt Pt�t
(1)

Pt+1 =
h
P�1t + �t�

T
t (1� 1=�
2)

i
�1

; P0 > 0

provided that Pt > 0.

� 1. If �
 � 1, then always Pt > 0.

2. �
 = 1, and P0 = �I ) (NLMS) estimator.

3. If the regressors sequence f�ig is exciting, i.e.,

lim
T!1

T�1X
i=0

�Ti �i =1

then �
 = 1 is the minimum achievable d.a.l.

with T =1; see (Hassibi et al. 1996a).

4. The simplistic estimator ẑt = yt also achieves

�
 = 1, but it has the worst H2 performance

among all the estimators yielding J(1) � 0.
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Robustness w.r.t. parameter drift and meas. noise

� Introduce the following dynamical model

�t+1 = �t+ wt

yt = �Tt �t+ vt

zt = �Tt �t

and the performance index

J1(�
) =
T�1X
i=0

"
(zi � ẑi)

2 � �
2
jwij

2

�q
� �
2v2i

#

��
2j�0 � �̂0j
2

P�1
0

; �q > 0:

� Objective: Find the conditions ensuring that the

�lters of the form (1) achieves J1(�
) � 0 when

1. (NLMS) : Pt = �I, � > 0, 8t � 0.

2. Central H1 �lter : Pt satis�es

Pt+1 =
h
P�1t + �t�

T
t (1� 1=
2)

i
�1

+ qI:

3. Kalman �lter : Pt satis�es

Pt+1 =
h
P�1t + �t�

T
t

i
�1

+ qI:

� Note that 
 and q are design parameters and when


 = �
 and q = �q, �lters are said to be tuned.
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Robustness w.r.t. parameter drift and meas. noise

� Theorem 1: Filter (1) achieves J1(�
) � 0, i�

there exists a solution �t > 0 to:

�t+1 = At�tA
T
t + �qI +KtK

T
t +

St�t�
T
t S

T
t

Æt
(2)

At = I �Kt�
T
t ; St = At�tA

T
t +KtK

T
t

Æt = �
2 � �Tt St�t; �0 = P0

such that Æt > 0, 8t 2 [0; T � 1].

� Proof: Let xt = �t � �̂t�1, et = zt � ẑt and dt =
[wT

t vTt ]
T . Then, it follows that

xt+1 = Atxt+ [I �Kt]dt (3)

et = �Tt Atxt+ [0 � �Tt Kt]dt:

Now, invoke the following lemma.

� Lemma (I. Yaesh and U. Shaked): Consider

xk+1 = Axk +Bwk; yk = Cxk +Dwk:

Then, J = jjykjj
2
2 � jjwkjj

2
2 � jjx0jj

2

R�1
0

� 0 i� there

exist a solution Mk > 0 to

Mk+1 = AMkA
T +BBT + [AMkC

T +BDT ]

[I � CMkC
T �DDT ]�1[CMkA

T +DBT ]

with M0 = R�10 so that I � CMkC
T �DDT > 0.
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Robustness of NLMS w.r.t. wt and vt

� Theorem 2: For any given �
 > 0 and � > 0, there

exists a suÆciently large T and a persistently ex-

citing sequence f�ig such that NLMS does not

guarantee J1(�
) � 0.

� Proof. The condition Æt > 0 becomes:

�Tt �t�t < �
2(1 + ��Tt �t)
2 � (��Tt �t)

2:

Let �n := d(�=�q)(4�
2 � 1)+e and

�t = 0; t 2 [�t;�t+ �n� 1]; �T�t+�n��t+�n = 1=�:

Since ��t+�n � �n�qI, we have

j��t+�nj
2
��t+�n

�
�n�q

�
� 4�
2 � 1

= �
2(1 + �j��t+�nj)
2 � �2j��t+�nj

2

which violates Æt > 0.
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Robustness of Central H1 �lter w.r.t. wt and vt

� If �
 = 
 and �q = q, then �t coincides with Pt and

Æt > 0 condition reduces to

P�1t + �t�
T
t (1� 1=�
2) > 0; 8t 2 [0; T � 1] (4)

which is always satis�ed for �
 � 1.

� Theorem 3: For any �
 � 1 and T > 0, the tuned

H1 �lter guarantees J1(�
) � 0

� Theorem 4: For any �
 < 1 and any sequence with

lim
T!1

T�1X
i=0

i���Ti �i =1;

9 a suÆciently large interval [0; T�1] such that the

tuned H1 �lter does not guarantee J1(�
) � 0.

� Proof. As long as Pt > 0, (4) is equivalent to

�Tt Pt�t < �
2=(1� �
2):

Since �
 < 1, �Tt Pt�t � qt�Tt �t. From ��excitation,

9 a large �t such that �T�t ��t > �
2=(�q�t(1� �
2)). This

implies �Tt Pt�t > �
2=(1� �
2), a contradiction.
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Robustness of Central H1 �lter w.r.t. wt and vt

� Theorem 3 and 4 implies the minimum achievable

d.a.l. �
 = 1 when T = 1. When �
 = 1 Pt =

P0+ �qtI and the tuned H1 �lter becomes

ẑt =
�Tt �̂t�1+ (�Tt P0�t+ �qt�Tt �t)yt

1+ �Tt P0�t+ �qt�Tt �t

which asymptotically approaches to the simplistic

estimator whenever �t 6= 0 and limt!1 t�Tt �t =1.

� When �t is uniformly persistently exciting, i.e.,

�I <
k+l�1X
i=k

�i�
T
i < �I

for some �, �, l, 8k � 0, then the central H1

�lter with 
 > 1 is exponentially stable. This im-

plies parameter convergence (exponentially) when

wt; vt 2 L2.
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Robustness of Kalman �lter w.r.t. wt and vt

� Theorem 6: Assume �t is uniformly persistently

exciting and consider the Kalman �lter withq > 0.

Then:

1. Pt is bounded.

2. The closed-loop �lter matrix I �Kt�
T
t is expo-

nentially stable.

3. The �lter ensures a �nite d.a.l.

� Theorem 7: If q � �q, then Kalman �lter guarantees

J1(2) � 0, for any T > 0.

� Proof. The tuned case q = �q is proven in (Hassibi

96). If q > �q, then J
q
1(�
) > J

�q
1(�
).

� Kalman �lter has better robustness properties than

NLMS. And, H1��lter is better than Kalman �l-

ter only for �
 < 2.
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Towards mixed H2=H1 design

� H2 design: Consider the error system (3), and �nd

a �lter gain Kt such that J2 is minimized, where wt

and vt are independent white noises with variances

�qI and 1, and

J2 =
1

T
E

2
4T�1X
i=0

e2i

3
5 :

J2 can be written as:

J2 =
1

T

T�1X
i=0

�Tt [At �PtA
T
t +KtK

T
t ]�t

where �Pt satis�es:

�Pt+1 = At �PtA
T
t + �qI +KtK

T
t ; �P0 = P0:

J2 is minimized by the tuned Kalman �lter.

� The mixed H2=H1 problem is to �nd a �lter such

that J2 is minimized while keeping J1(�
) � 0, for

some �xed �
 > 0.

� The time-invariant in�nite horizon H2=H1 prob-

lem is studied in (Halder et al 96) and (Sznaier

et al 96). The parameter estimation problem is

more complicated because �t is time-varying.
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An auxiliary problem

� Note that for any �lter Kt with J1(�
) � 0, we

have

J2 =
1

T

T�1X
i=0

�Tt [ �Pt+1 � �qI]�t � �J2

where

�J2 :=
1

T

T�1X
i=0

�Tt [�t+1 � �qI]�t:

� Theorem 8: Among all �lters guaranteeing J1(�
) �

0 for a given �
 > 0, the tuned H1 �lter minimizes

�J2. Moreover, �J2 is non-increasing with �
.

� Proof. (2) can be written as:

�t+1 � �qI =
h
S�1t � �t�

T
t =�


2
i
�1

;

St = [��1t + �t�
T
t ]
�1+Nt[1 + �Tt �t�t]N

T
t

Nt = Kt �
�t�t

1+ �Tt �t�t

Nt = 0 minimizes �J2. The second part follows

from the monotonicity of �t as a function of �
.
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