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System Model
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Fig. 1: A Simplified System Model

e User adapts its rate based on delayed congestion feedback received from the link

e (Goal is to ensure that the user (source) rate reaches equilibrium operating point



A Model for the Link
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Fig. 2: An Example Marking Function

e Link “marks” a fraction of packets to indicate congestion

e Associated with the link is a marking function p(x)
— p(x) is fraction of packets marked when the arrival rate into the link is x

— p(x) is an increasing function of the arrival rate x



Source Model

e What is the objective of an individual user?

— Associate with the user a utility function U (x)
— U (x) indicates the utility of an allocated rate x to the user
— The utility function U (x) is increasing and concave in the allocated rate x
— For example U (x) = In(x)

— If the fraction of marked packets p 1s known the user maximizes

wU (x) —xp

e Since p 1s not known user adapt its rate based on an estimate of the fraction of
packets marked

e In the rest of the talk we will assume U (x) = In(x)



User Rate Adaptation Mechanism

When there 1s no congestion the user increases its rate at a steady rate
(proportional to w)

If there 1s congestion the user reduces its rate in proportion to the fraction of
packets marked

K 1s a “gain parameter’” which determines stability

The rate update equation can be viewed as the aggregate rate of a large number of
flows with the same delay



Is the rate adaption mechanism stable?

When there is no delay, the source rate converges to the unique equilibrium point

In the presence of delay the feedback received by the user can be outdated

— Can we ensure stability in spite of this delayed feedback?

In this talk we will seek answer to this question

— The answer lies in a judicious choice of ¥

In the absence of delay K does not matter



The Role of the Gain Parameter «
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Fig. 3. Rate evolution with some typical system parameters, but different K’s

e Based on the choice of K, we can have unstable, stable but oscillatory, or,
behavior.



Goal of This Study

How to choose « to ensure stability, for any initial value of the user rate?



Local stability (Kelly et al)

e Linearize around the equilibrium rate x*:

dx * % % *
T Klw—x(t —d)p(x(t —d)] = k[p(x*) +x*p' (x")] (x(t —d) —x*) + ...
e The linear system

— 18 stable if,

kd [p(x") +x"p (¥%)] < 3,

— and, the stability is non-oscillatory if

id [p(x*) +x"p'(x")] < é

e This only says that stability in the presence of delay can be ensured if the rate is
sufficiently close to equilibrium x*



A Criterion for Global Stability

e If the trajectory lies in the interval [/, M|, then the system is stable if

\SRROS

kd sup [p(x)+xp'(x)] <
[<x<M

e If the factor % 1s replaced by 1 then the system can be shown to be exponentially
stable
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Delay Dependent Congestion Controller: Reduction to LTV form

e Consider

dx(t)
dt

= Kw—x(t—d)p(x(t—d))]

e Defining z(¢) = x(¢) — x*, we have

dz_f) = K[x"p(x*) — x(t — ) p(x(t — d))] = ¥h(t)z(t — d)

e For general utility we have

z=ua(t)z(t)+b(t)z(t — d)
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Stability Criterion: Delay-Dependent LTV System

e Consider the delay differential equation

x=a(t)x(t)+b(t)x(t—d)

e If there exists ¢ > 1 such that a(z) and b(¢) satisfy

v, max(ats) + b)) < 1+ 50,

then,
V(t) <qV(0)e ™,

where V (x(1)) = sup,_sy<,<,X*(s) and ot > 0, ¢ > 1 are constants

12



Key Idea Behind the Proof: Razumikhin’s Theorem

e Suppose we have a delay differential equation given by

X = f(x),

where x;, = {x(s) : 1t —d < s <t}

e Consider a convex function V (x(¢)) which behaves as shown

<— Time intervals of length >0

-=>

V() --

Time (t) ---->

e V(r) decreases whenever it reaches maximum over a past of length r
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...(cont’d.) Proof Idea

e The functional
W)= sup V(x(s))

1—r<s<t

decreases with time and thus provides a Lyapunov functional for the system

e We choose V (t) = (x(t) —x*)? and r = 2d. If x satisfies the global stability
condition, the conditions of Razumikhin’s theorem are satisfied.

e Exponential stability follows by showing that (x(s) — x*)? decreases at least by a
constant factor in some finite time
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Stability Criterion: Arbitrary Initial Condition

e Suppose kd < [} implies that for all # > 79 and some #( < oo

[(B) < x(r) <M(P)

then we can look at the system evolution from 7y onwards

— Follows by showing that

e Thus, stability 1s ensured if

3
" 25upy gy <e<m(p) [P(X) + X' (x)]

Kd < min |3

e Exponential stability is guaranteed so long as the initial condition is in a compact

set and 1f the factor % 1s replaced by 1
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Example: Finite Buffer Virtual Queue Marking

A
e The marking function p(x) is —_
GO !
p(x) = p £
[ =

e We have p(x)+xp'(x) =1 forall x > C

e (lobal stability criterion: kd < 1.5

e Local stability criterion: kd < 3

e Global stability criterion is slightly more restrictive

e Local non-oscillatory stability condition (Kd < %) 1s sufficient for global stability
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Example: Random Early Marking (REM)
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e REM is a queue based marking mechanism
e Every packet arriving into the real queue is put in a virtual queue
e Virtual queue has capacity smaller than the real queue

e An arriving packet finding a workload of W in the virtual queue is marked with
probability (1 —exp(—gW)).
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A Rate Based Equivalent Marking Model for REM
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Fig. 4: Marking function for REM

e Using a Reflected Brownian Motion Argument (Kelly) REM marks a packet with
probability

B qo7x
- q62+2(C—x)

p(x)

when the total rate 1s x.

e Here 67 denotes variability in the packet arrival
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Stability Condition with REM

Choose c]G2 = %, C =1 Mbps, d =40 ms
Global stability criterion: kd < 0.81
Local stability criterion: Kd < 1.73

Linear stability non-oscillatory (kd < 0.45) ensures global stability

Stability condition does not change if the capacity and the number of flows are

scaled
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Region of Attraction with REM

e Global stability criterion (kd < 0.81) 1s more restrictive than local stability
criterion (Kd < 1.73)

e When 0.82 < xd < 1.65, there 1s a region of attraction

Example: For xd = 1.25 the region of attraction 1is:

{X() s Xo € [2.876,3.558]}

xo: Initial rate in packets per round trip time

x* = 3.22: Equilibrium rate
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Summary and Concluding Remarks

Derived a global stability criterion using Razumikhin theorem. Typically more
restrictive than the local stability criterion

Non-oscillatory local stability ensures global stability for reasonable system
parameters

Similar results for TCP-like rate control (modeled by utility U (x) = —1/x)

For diverse round trip delays, can each user ensure global stability simply based
on its own round trip delay?
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