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Introduction

For a system like following (assume fi and J. are all stable and SISO),

how can we analysis the stability of the system?

I ’fl‘ fZ » Y

We can write down the transfer function according to the global



structure of the system
H = fl fz
yr
1- f,f,
then

all zeros of 1— f, f, are at left-half plane < the system is stable.



But if the system is as following:
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It will contain thousands of nodes (for example “Internet”).
It will be very hard to express the transfer function for the whole system.

Then what can we do if we want to analysis the system and then build a
controller?



Two problem:

Is it possible to build stable and robust large scale feedback
Interconnections of linear dynamical systems?

Is it possible to get the global stability from the locally condition?

Yes, but only limited results.



Signal Flow Graphs (Mason ’53)
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. fi

Assume linearity, and that Laplace transforms have been taken
everywhere, so

fro(s) = fr(s)fri(s)



Using Signal Flow Graphs. We consider the network as following

There are two kinds of nodes in the network, we can think f is the

plant and Jis the controller. Now assume f_(s)= f (s)f.(s):l =12,

0,.()=9,(9g,(s):1 =1,2,3/4 and all of them are stable.
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Also we know that
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then we get the return ratio
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explanation of “return ratio”
for a general feedback system as following

r(s) +_ é(s)

-@ G(s) >

Z(s)

The “return ratio” is G(S)F(S). If G,F are both stable, we have:
Closed-loop system is stable < zeros of det(l + GF)LIC,



So we have

closed-loop system is stable = zeros of det(l — FRGR')OC,

(because t. and Q. are all stable)

According to the “generalized Nyquist stability criterion”, this equals

Closed-loop stable = {A (F(j&)RG(jw)R") : w00}

do not encircle +1

This is a very cool result and the proof will be given later.



Now we have a way to check the stability of above network system, but
this is still a global condition, require the knowledge of the structure of
the whole system.

What we will do next is to change the global condition to locally verifiable
condition.
Concept of convex hull

Co(a,a,,a,) = oy + (8, + i, 0 gy <L+, + (=1



1. Ifthe Q Is real and positive.
We have LEMMA:

let Q=Q =0, f OC, then
o(diag(f, f,,---, 1,)Q) U Co(0L{ 1.}) o(Q) (*1)

According to this lemma, we can get:
o(FRGR")OCo(0O{fdge :i,j,R #0}) (*2)

d. is the number of g connected to f; and € is the number of f

connected to §J, =

Closed-loop stable = 10Co(0U{ f,d,g,e I, ], R,

J

7 0}).



2. It g Is dynamical

o(R'FRG) O p(R'R) [Cof f, (Coft /g, +\/g,, 1)} (3)
Then we have

Closed-loop stable < 10 p(R'R) [Cof . (Co{i \/gil,i\/giz,--})z}
If we have O(R'R) <1, we get

Closed-loop stable < 1[JCof f, (CO{i \/511i\@1"})2}



Now we can see that they are both locally verifiable conditions.
What we need to is to construct the corresponding convex hull. It will be
easy finished by MATLAB.

Therefore whether how many nodes there are in the network, we can
construct the corresponding convex hull to judge the stability according
to the locally verifiable conditions. The scale of the network will not be a
problem. Also when some nodes added or deleted, it is also very easy to

adjust the convex hull, we just need to add or deleted corresponding
nodes of the figure.

Now we give the proof of (*1) (*2) and (*3)



Proof of (*1) o(diag(f,, f,,---,f )Q) U Co(0LI{ f.})0(Q)
for Q=Q =0,f IC =

o(diag(f,, f,,---, f,)Q) = o(Q"*diag(f,, f,,---, f,)Q"*)
O{v Q*2diag(f,, f,,~-, f,)Q"*v:|v| =1

snce [ Q] £/Q2 = 0(Q) = Qv I p(Qw: Wi <1 =
{vQ'diag(f,, f,,---, f )Q"v:|v|=1

0 p(QU W[ f, 2w <1




0 p(QLQ W[ f)+(@-> w )
0 p(Q)Co(00{ f,})

2w <]



Proof of (*2) o(FRGR") O Co({ f.d.ge i, |,R; #0})
1. Suppose R :

mxn?

n
2. let d = Zr” , the 1'th row sum of R
=1

wne 1L Mmeans how many (

directly connect to f,.

m
3. let € :Zrlj, the i'th row sum of R', it means how many f
=1

directly connectto g ;
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If define (RGR"), =&, =) 1,9,
=0

m n
So we know that the sum of the row Is ZZ e
=0 1=0
Then define the row sum is S
m n n m
= eril g| ru - ern g| jl Zrn g| ZI’”

i=0 =0 1=0 j=0

Zr.,g



Now we get

FRGR' = F'Q' =

3y,
S
a,
S

m

.
3

a,
S

m

and we can prove that ©(Q") < max{row sum of Q'}

= p(Q') < max{row sum of Q'}=1



Proof of P(Q") < max frow sum of Q' }

First we have three well-know result

1. p(Q) <|Q/| for any matrix norm [
n
2. maximum row sum 112(; d; =IQ/| is a norm (“Matrix analysis”
0. 295)

3. if Q"2Q 20= p(Q") =z p(Q))



n n
So we first choose Q"= Q' >0 and let Z qi| = max
<I<n

j:]_ J:l

- a

a;
for 1 =1,2,---,N. So the row sum of Q" is a constant and equals the
maximum row sum of Q'.

So it is easy to check that @ is a eigenvalue of Q" with eigenvector
x=[11---1" = p(Q") za

We know that from 1 and 2 that p(Q") <|Q"

=a=pQ")
And also from 3we have Q" =2 Q'=0= p(Q") = p(Q")

- a




then

= a=p(Q")zpQ)

with P(Q') < max frow sum of Q }=1 and Lemma (*1), we
can get

o(FRGR") 0 Co(00{ f.S})



now prove Co(0n{fS})UCo{00 fidg,e:|=12---,mr, #0}

We have get fS = f Zr”g Z fr.,g,e and Zn:ri,- =d. Then
=0
d | I
fiSl Zd 'lngeJ _Z J(f Z J(f jej)
j=0 M4 JO [ JO [

We know that ZCIIJ =1= fSOCo fdge :j=12--,mr, #C}

j=0 M

o(FRGR") 0 Co(00{ f,S}) D Co{00{ f,d.g.e,r, %0}



Therefore (. real we can get the following result:
10Co({00{f(jw) d g e, ,r, #O}}) = The system is stable

Note: This is a locally verifiable condition



Proof of (*3)(for dynamic g,)
Let ROO™" satisfy ,and G = diag(gl,---, gn) ,

F:diag(fl,---,fm), g , f.UC
[l then

o(R'FRG) 0 p(R'R) [Cof f (Cof* \/9,.£./9,,-} ), ] =1.2,--3



Proof.

et G2 = diag(4 / gl,---m/gn) where either value of each square root

may be used, then

o(GR"FR) {V*G%RTFRG%VZV C”,v*vzl}

= {Z fkv*G%RkT. I:\’k.G%v vdC",vv= 1}



=Y £ (VRLg, + VR, /g, +--)
(V1?kl\@+V2Rk2x@+"'):VDCn,V*V:1}

Next, note that for any al1C" | since D(O’IO’Z)D[—‘O’la’Z‘,‘O’la’Z‘]

(aj@+a;@+...)(a1@+a2@+...)

— ‘al‘Zgl +‘ar2‘2 g, +...2[] (a,i*a,z) 9,0, +--

**)




ncol(a, g, +a,/g, +F . (a) g, e g, +-F -]

since (a,\/, +la,1\/g, +++-) 0 (e, +la, | +
+-CO\/Gy,1/0,,+-: @, # Of)

(a+ )+ Col(Co /g, /0, } )
(col\g, g, 3V}

0 () + @, +--YCof(Cof+ \g,.£/g,.} ]



(since each term, e.g. (CO{@,—@, - } )2,
(06 ENIVRENIVINN ) 5

Then from (**)

o(RFRO) {3 £, (R, +R, +-)
HDO{(Co{i ﬁli@})z} vOC" Vv = 1}




we know that Z fa Colg} = ZakCO{ f.g}
” ”
Also for fixed K, we can get Cof f, g} [J Cof fjgi, j=12,--1}
Then we get ZakCO{ f.g} U ZakCo{ fjgi =12,
” ”

>.aCof g, j=12-}=(3 a)Coff g, j=12}

from the above we can get

> 1, (4R +NeR, + rel(Colt g 0.3



D(Zk:(lekl-l_VZRkZ-l_ j@o{f (Cof+ Vo, £/a,.--}), i =123

we know that for [Iv,, we always can find V ‘ R<‘ such that
1
VR, = ‘Vlel‘, also V'V =1
P(R'R) = max{v'R’ VR, -}

2 Zk:(‘lekl‘ +‘V2Rk2‘ +"')2 —
o(R'FRG) 0 p(R'R) [Cof f, (Cof# \/9,,2\/0,,-} ), j =12,--]



Review of the result
1. Ifthe Q Is real and positive.

Closed-loop stable = 100Co(0U{ f,d,g,e I, ], R, #0}).

2. It g Is dynamical
Closed-loop stable  10Cof f, (Cof+/9,,x/0,.--})}: p(RRT) <1

Both condition are local



