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Quantization in control systems

1 . Introduction

Plant

CoderDecoder

Network

A finite number of bits per message

How small can the data rate be for control purposes?



Sampled-data systems with memoryless quantizers

• Quantizer: memoryless

a finite number of fixed values

• Asymptotic stability impossible

• How close to the equilibrium do trajectories go?

Sampler

Quantizer

Hold

Plant



• Hou, Michel, and Ye (1997)
• Wong and Brockett (1999)
• Ishii and Francis (2001)
• Ishii and Basar (2002)

Sampled-data systems with memoryless quantizers

Analysis/design with analytic bounds on trajectories

Very conservative results



In this work

• Quadratic stability in continuous time

• Probabilistic approach analysis

• Develop an gradient-based algorithm 

• Sequentially finds a quadratic Lyapunov function

• A systematic way for realistic bounds



Introduction to probabilistic approach

•Studied in robust control

•Low-complexity randomized algorithms

•Probabilistic information with “small”risk

•Calafiore and Polyak (2001)

•Polyak and Tempo (2001)

Analysis/design through randomized algorithms



2. Problem formulation
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A simple sufficient condition
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A simple algorithm
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3. Probabilistic approach



A simple algorithm

• Gradient based

• Converges in a finite number of steps with 

probability one.

• Sytstematic way with less conservatism

• Randomization in x and t.

However, redundancy in the # of trajectories.
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4. A modified sufficient condition
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5. An efficient randomized algorithm
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Theorem:
Suppose P is nonempty.  Then, the algorithm 
converges in finite steps with probability one. 

Comments

• Probabilistic result:  Random generation of x and t

• Rate of convergence

• # of steps:  Difficult to estimate

• Parameter r: Determines step size; Arbitrary.



6 . Examples

Magnetic ball system
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Results using randomized algorithm
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7.  Conclusion

•A randomized algorithm for analysis of 

quantized sampled-data systems

•Converges with probability one

•Based on a new sufficient condition

•Computationally efficient


