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Presentation Overview

� Sensor Selection Problem.

� Reduce Sensor Selection to Graph Cutting.

� Approximation Theory.
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Modelling Formalism

� Supervisory Control Setting.

- System G = (XG,S,xG
0 ,dG).

- Desired Behavior H = (XH,S,xH
0 ,dH).

- L (H) � L (G)

� Controllable events Sc � S.

� Observable events So � S.
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System Model

GS

Observations

Control ActionsS/G:

� Controllers make observations, enforce control actions.

� Not all behavior observable.
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Problem Formulation

� Consider �x ed G, H, Sc.

- Desire S such that L (S/G) = L (H).

� Problem: Find minimal cardinality set of ob-

servable events Smin
o � S s.t. controller exists.

- Controller existence with minimal number of

sensors.

� Motivation: Reduce sensor cost.
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G, H Example
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� Sc = f ag.

� Can observe f ag, f b,gg, f b, l g or f g, l g.
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Approximation Algorithms

� Finding Smin
o is NP-complete.

� Desire polynomial-time algorithms

� Many NP-complete problems have accurate

polynomial-time approximation algorithms.

� Smin
o approximation suf�cient.

- How to quantify approximation?

- r-approximation.
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Approximation Algorithms

� An algorithm is an r-approximation if:

- r is maximum ratio between computed so-

lution and optimal solution.

� Good approximation ratio is r 2 O(log(n)).

� Several heuristic sensor selection approxima-

tion algorithms.

- No known provably good algorithms.

- Why?
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Presentation Overview

� Sensor Selection Problem.

� Reduce Sensor Selection to Graph Cutting.

� Approximation Theory.
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Control Operations

� Controllability and Observability theorem:

9S s.t. L (S/G) = L (H) iff

- Controllability

- Observability.

� Minimal set of sensors for observability.
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Demonstration of Observability

P(s) = P(t)

If P(s) is observed,ambiguityin disablings.

t s

s
L(H)

L(G)

s
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Test For Observability

� Given G, H, Sc.

� S0is a copy of S.

- s02 S0for every s 2 S.

� Construct M Σo = (XM Σo,x
M Σo
0 ,SM Σo,dM Σo).

- XM Σo := XH � XH � XG [ f dg.

- x
M Σo
0 := (xH

0 ,xH
0 ,xG

0 ).

- SM Σo := S[ S0.
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Test For Observability

� M Σo is a nondeterministic simulation of G.

� Tracks pairs s, t 2 L (H) such that P(s) = P(t).

� t is what really happens in G.

� s is what observer nondeterministically predict

happens in G.

The University of Illinois, CSL

13



Transition Structure of M Σo

� Tests for observability violation:

- ss 2 L (H).

- ts 2 L (G)nL (H).

� For (x1,x2,x3) 2 XM Σo:

- x1 tracks state of H due to s.

- x2 tracks state of H due to t.

- x3 tracks state of G due to t.
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Transition Structure of M Σo

� Construct transition structure from (x1,x2,x3).

� Suppose for M Σo:

- dH(x1,s) = �x1.

- dH(x2,s) = �x2.

- dG(x3,s) = �x3.
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Transition Structure of M Σo

� Suppose s 2 So occurs in system.

- Observer deterministically predicts s.

- (x1,x2,x3)
σ7! ( �x1, �x2, �x3) in M Σo.

� Suppose s 62So occurs in system.

- Observer nondeterministically predicts s.

- (x1,x2,x3)
σ7! ( �x1, �x2, �x3) in M Σo.

- This transition remains if s added to So.
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Transition Structure of M Σo

� Suppose s 62So occurs in system.

- Nondeterministically, no prediction of s.

- (x1,x2,x3)
σ0
7! (x1, �x2, �x3) in M Σo.

� Suppose nothing occurs in system.

- Incorrect nondeterministic prediction of s.

- (x1,x2,x3)
σ0
7! ( �x1,x2,x3) in M Σo.

� These transitions removed if s added to So.
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M Σo Partial Construction

PartialG: PartialH:

a
1 2

Partial M /0:

a
a0

a0
1,1,1 1,2,2

2,2,22,1,1
a0

a0

a
1 2
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Transition Structure of M Σo

� De�ne * condition:

- dH(x1,s) is de�ned: ss 2 L (H).

- dH(x2,s) is not de�ned: ts 62L (H).

- dG(x3,s) is de�ned: ts 2 L (G).

� Implies correct control action cannot be known.

� If * condition holds at (x1,x2,x3) for s,

- (x1,x2,x3)
σ7! d in M Σo.
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Transition Structure of M Σo

� Theorem: d reachable in M Σo if and only if

system unobservable.

- Can get to state where observer may let

bad things happen.
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M Σo Example
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M Σo Example

d

a0 a0 a0

a0
1,1,1 1,2,2 1,3,3 1,4,4 1,5,5b0;g0 b0; l 0 g0; l 0

a0
2,1,1 2,2,2 2,3,3 2,4,4 2,5,5b0; l 0 g0; l 0

a0
3,1,1 3,2,2 3,3,3 3,4,4 3,5,5b0;g0 b0; l 0
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4,1,1 4,2,2 4,3,3 4,4,4 4,5,5b0;g0 b0; l 0 g0; l 0

a0
5,1,1 5,2,2 5,3,3 5,4,4 5,5,5b0;g0 b0; l 0

a0

b0;g0

a

g0; l 0
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b;g

b0;g0

g0; l 0

b0; l 0 b0; l 0 b0; l 0 b0; l 0 b0; l 0
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Graph Cutting

� Theorem:

- M Σo[ f σg is M Σo with s0transitions cut.

� Now have a graph cutting problem:

- Find smallest So for observability.

- Want d not reachable.

- Cut smallest S0
o in M /0.

� Alternative, more intuitive sensor selection method.
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M α from M /0 Example

d1,1,1 1,2,2 1,3,3 1,4,4 1,5,5b0;g0 b0; l 0 g0; l 0

2,1,1 2,2,2 2,3,3 2,4,4 2,5,5b0; l 0 g0; l 0

3,1,1 3,2,2 3,3,3 3,4,4 3,5,5b0;g0 b0; l 0

4,1,1 4,2,2 4,3,3 4,4,4 4,5,5b0;g0 b0; l 0 g0; l 0

5,1,1 5,2,2 5,3,3 5,4,4 5,5,5b0;g0 b0; l 0

b0;g0

a

g0; l 0

b0;g0 b0;g0 b0;g0 b0;g0
b;g

b0;g0

g0; l 0

b0; l 0 b0; l 0 b0; l 0 b0; l 0 b0; l 0

b; l

g0; l 0 g0; l 0 g0; l 0 g0; l 0 g0; l 0

g; l

Ma:
a
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Minimal Graph Cutting

� NP-complete.

� Admits no 2log(1� ε) n approximation for any e>

0 unless NP � DT IME(npolylog n).

� Shows graph cutting problem dif�cult to ap-

proximate.

- As e! 0, 2log(1� ε) n ! n.

- Probably DT IME(npolylog n) ( NP.
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Approximating Sensor Selections

� Due to above construction,

- No 2log(1� ε) n approximation for any e> 0 un-

less NP � DT IME(npolylog n).

� Shows sensor selection approximation likewise

dif�cult.

- As e! 0, 2log(1� ε) n ! n.

- Probably DT IME(npolylog n) ( NP.
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Interpretation:

� 2log(1� ε) n ! n approximation:

- For every algorithm, even with jSmin
o j = 1,

may observe everything.

� DT IME(npolylog n) ( NP:

- DT IME(npolylog n) is set of quasi-polytime prob-

lems.

� Hard to approximate optimal sensor selection.
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Conclusions

� Sensor selection is dif�cult to approximate ef-

�ciently .

� Have shown how to convert sensor selection

into graph cutting.

- Graph cutting much more intuitive.

- Helps with design of heuristic algorithms.

� Algorithms for special cases exist.
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